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ABSTRACT: A singularly perturbed model is proposed for a system comprised of a PEM Fuel Cell
(PEM-FC) with Natural Gas Hydrogen Reformer (NG-HR). This eighteenth order system is decomposed
into slow and fast lower order subsystems using singular perturbation techniques that provides tools for
separation and order reduction. Then, three different types of controllers, namely an optimal full-order,
a near-optimal composite controller based on the slow and the fast subsystems, and a near-optimal
reduced-order controller based on the reduced-order model, are designed. The comparison of closed-
loop responses of these three controllers shows that there are minimal degradations in the performance

of the composite and the reduced order controllers.
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1- Introduction

Hydrogen is one of the most efficient carrier of clean energy
in the world. By applying a fuel cell, the chemical energy
produced by oxidation of hydrogen can be directly converted
to electricity, without passing the state of heat and Carnot
cycle [1].

Among different types of fuel cells, the Polymer Electrolyte
Membrane Fuel Cell (PEM-FC) has been progressively
improved in design [2]. Since it needs a reactant of hydrogen
with high purity, there is a need for another process which
produces hydrogen from an appropriate chemical substance.
This is supplied by a Fuel Hydrogen Reformer. If the chemical
substance is Natural Gas, the Fuel Hydrogen Reformer will
be Natural Gas Hydrogen Reformer (NG-HR) [1].

Each of the two models of PEM-FC and NGHR has been
separately studied in [3-6]. In [6], a single model has been
developed by input coupling of PEM-FC and NG-HR linear
models.

In this work, we study the single model in [6] and present its
singular perturbation model. Then, by employing singular
perturbation methods, a linear transformation is attained. We
use this transformation to attain a new model in which the slow
and fast modes are completely isolated from each other. The
advantage of this decomposed model is that its slow and fast
subsystems can be studied independently, thus, design of a
controller can be done for each of them separately. Eventually,
a composite of the two reduced-order controllers can be
applied to the system. Moreover, one can design the controller
only based on the reduced-order model. Although none of the
two designs is claimed to be optimum, the responses closely
resemble the behavior of the full-order optimal controller.

The corresponding author; Email: nazemzadeh sh@yahoo.com

In this paper, we design the optimal full-order controller,
near-optimal composite controller (i.e., composition of fast
and slow controllers), and the near-optimal reduced-order
controller. The outputs, the control inputs, and the states are
compared for the resultant close-loop systems.

This paper is organized as follows. Section 2 describes the
mathematical model of the system. In Section 3, singular
perturbation theory is presented. In Section 4, the designing
process of three types of controllers is described based on
singular perturbation model of the system. In Section 5,
simulation results are given. Finally, we make the concluding
remarks in Section 6.

2- Mathematical Mode

For the sake of brevity, we do not present the full description
of PEM-FC and NG-HR models. We refer the readers to a
detailed description in [3-6].

2- 1- Model of PEM-FC
The linearized state-space model of PEM-FC is given by [3-6]:

d(8x7 (1)

%:AFCSXFC (t)+BFC6ub1ower(t) "
8y ™ (¢)=C"C8x ™ (¢)+ D" 8uy,,, (t)

where xF€(t), that denotes the vector of state-space states,

Upower(t), that represents the vector of inputs, and y™(t), that is
the vector of outputs, are defined by:

¥ € :[mOZ, My ,my 0, P, ,m, ., m,,., pm]T 2)
u (t)=v,, () 3)
yFC (t)z[ch’})sm Vst :IT ° ch :mCP((’Ocp > })sm) (4)

163



S. Nazem-Zadeh and M.T. Hamidi-Beheshti, AUT J. Model. Simul., 49(2)(2017)163-172, DOI: 10.22060/miscj.2016.872

Consider the following relation,

5 FC :xsz;"c +8xFC, uC = ¢ 4§y e
)
FC FC FC
, Y =Y, Ty
where 6 describes the variation of related vectors near the
steady state, and the subscript ss stands for steady state.
The linearization is done around the following steady state
point [4]:

PE =40 kW ,1° =191 4, v¥ =164 V

ss in reacted __ 6
LA, =W ot W gt =2 ©)
Refer to Appendix I and Appendix II for more details.

2- 2- Model of NG-HR
The model of NG-HR is described as follows [3-6]:

d 8 FPS
(dxt )(t):AFPSaxFPS(t)+BFPS8uFPS(t)

8_)/ FPS (t):CFPsSxFPS (t)+DFPS8uFPS (t)

where x™5(t) is the vector of state-space states, uts(t) is the
vector of input variables and y™5(t) is the vector of the output
variables as:

()

X FPS |:Tcpa) )Pan po Phex (Dblu’Phd) PC'Z): Pa:u ,Pwrmc Pwmx] (8)
Upioner ()
FPS blower
u™(t)= ©)
u valve ( t )

y(t)= [T woe (1) Vi (¢ )]T (10)

Let o describe the variation of related vectors near steady-
stat. Then, we have'

FPS FPS FPS
™ =x 4™, u™ =

FPS

FPS

(11)

5 +8u

’ y = y S + Sy
The steady state value for Te, is 972 K and for yy,™ is 8.8%
[6, 7]. Refer to Appendix I and Appendix II for more details.

2- 3- Model of coupled system

With considering a common input between PEM-FC and
NGHR, the two models defined by [1-7] are integrated into a
single coupled eighteenth order model as follows [6]:

o

R L e |
0o

o el o o) )
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3- Singular Perturbation Model Of Two-time Scale Systems
A singular perturbation model of a linear time-invariant
system with two-time scale is represented by:

X=A,x +A,z +Bu, x(t,)=x°, x eR" )
13
z(t,)=z", zeR"

where x and z are slow and fast state vectors of the system
with dimensions n and m, respectively. u is control input
vector with dimension 1, and € is a small positive parameter
which describes small parasitic parameters in the model [8].
The system has n small eigenvalues near imaginary axis; and
m eigenvalues with larger real parts. Therefore, the system
has n dominant modes and m non-dominant modes. With
€=0, the order of model decreases from (n+m) to (n). The
importance of using a singularly perturbed model of a system
is that if by reducing the order of a system, some criteria of
control design are not met, by recounting &, the design can be
improved [8].

ez =A,x +A4,,z +Bu,

3- 1- Definition of ¢ for a two-time scale system

Suppose the system (13) is stable, so all the eigenvalues of the

AI 1 4 12
matrix of system, A, where 4 = {AZI 4,, | ,have negative real
€ €

parts. By sorting its eigenvalues based on their real parts values
in a large-to-small order, its vector of eigenvalues becomes:

e(d)=[A, ...
. Re(M,,)<

sn > jl’ fm]

<Re(, )< Re(h,)<. (14

..<Re(A;)<0

The eigenvectors associated with the eigenvalues of the slow
and the fast subsystems are respectively:

e(4,)=[hyp s A, ] (15)

and
e(A,)=[Xrps oo Ay | (16)

If Aa|<|Ag1|, the system will have the properties of a system
with two-time scale and € can be defined as [9]:

. Re (Ksn )
= (17)
Re (kfl)

3- 2- Method of attaining decoupled model from singular
perturbation model

Suppose that the model in the form of (13) is available. If the
following condition satisfies:

_ A _
o] <3| ol + |22 4|

© (18)
A

=12(4,)4,,)

where Ay is a nonsingular matrix [8], and the operator .|

=A0 :An -
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yields 2-norm of a matrix. A transformation matrix can be
found such that the system in (13) will be transformed to the
following format [8,9]:

1 T4 07x.1 [B.
= + u (19)

f 0 4, |z B,

The system (19) is in an appropriate decoupled form. So, the
state spaces associated with the slow states, X, and fast states,
¢, can be studied individually.

The condition in (18) is only an approximate condition for the
convergence. Most of the time if the less conservative condition
in [20] is satisfied, the decoupling can be performed [9].

-1

HSA;HS |44+ % HAz_zl 21H 0)

z

3- 3- Attaining singular perturbation model of system with
two-time scale

Suppose a state-space model of a linear time-invariant system
is available and the system has two-time scale properties, i.e.
€ in (17) has a small positive value; to achieve a singular
perturbation model of the system with two-time scale, there
are two steps as follows:

1) Estimating the number of slow and fast states

The model of the system, without considering the vector of
inputs, is in the form of:

vV =Av 2D

For estimating the singular perturbation model, first we
determine the number of slow and fast states. For this reason,
a special method is used from the references [10, 11]. In this
method, the variable n should be equal to r, which minimizes
the cost function of V.. The description of V. is as follows:

U, - :1+J«n4ﬂn)—r)

Vr = > r
U,, A

,1<r<(n+m)—1

where n is the number of suspended slow states and (n+m) is
the number of columns/rows of matrix A. After estimating n,
the amount of € will be calculated using equation (17).

2) Using Schur decomposition for attaining the standard
singular perturbation model

Using Schur decomposition method [12, 13], a transformation
can be calculated that transforms the matrix of system, A, to a
matrix whose related sub-matrices satisfy the condition (18).
[9] suggests a combination of two methods, permutation
and scaling, to find a transformation matrix. Permutation
rearranges the given states in a form which its first n states
are corresponding to the slow states, and the next ones are
related to the fast states. Scaling readjusts the units to reduce
the norms of Az’zl, Ao, Ay, and L, as much as possible. This
combination method has two weakness points. First, this
method is based on trial and error, and it is not suitable for
a system with large dimension. Second, the transformation
matrix has only n+m nonzero elements of (n+m)* elements,
thus, all the capabilities of transformation matrix are not

(22)

r+1|

used. If the matrix of a system has many off-diagonal nonzero
elements, this method will not be appropriate. Alternatively,
[8,7] extract transformation matrix using only the first two
terms of exponential expansion of the matrix F(e)=¢A. In
this paper, Schur decomposition is used instead, and the
transformation matrix is calculated accordingly.

Using Schur decomposition, the matrix of system, A , can be
transformed into a quasi-upper triangular one [12]. By another
transformation which permutes the rows of the new matrix to
an appropriate one, a standard form of singular perturbation
can be attained, and then it can be decoupled and transformed
into the form of (19). Theorem 1 and Theorem 2 describe this
method in more details.

Theoreml1. (A real Schur form of matrix A) [12]

Suppose that a+ib,, a,*ib,, ... and a,tib, are complex
conjugated eigenvalues of matrix A and A1, Agpia, ... and Aq
are its real eigenvalues with rank q. There is an orthogonal
similarity transformation Q such that:

B

1

S20"40 = 3 (23)

S is in quasi-upper triangular form, where B,(r=1,2,...,p) is a
2x2 matrix with eigenvalues of a+ib,.

Theorem 2. (block-diagonal decomposition from Schur
decomposition) [13]

If the below transformation

r, T, ... T,]
0o 7, .. T,

o'40=| . 7 . 7 o
i 0 O 0 qu_

is a Schur decomposition, AEC™, and MT;)NMT;)=0, i#],
then there is a nonsingular matrix YEC™ such as:

(OY ) 4(QY )=diag (T,,, Ty, ..., T,, )

From Theorem 2, it can be inferred that if by Schur
decomposition matrix A is transformed into matrix A in the
following format:

A A

A\ — All A12 (26)

~

0 A4,

and K(An)m»(Azz):@, thenA there will be a transformation
matrix Y which transforms A to a block-diagonal form (19).

3- 4- A transformation matrix for simplification
From equation (12) the matrix of system is defined as:
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0

A FPS

A

27

A FC
Because of its special format, each of the sub-system FC
and FPS can be decomposed into slow and fast sub-systems
(for simplifying decomposition). Suppose that the zero-input
system FC be given by:

p— 28
v, =4 AR 5)
T, is the transformation matrix as:

X1

=Ty, (29)

Zy

that transforms system (28) to the following form:
X A 0 X

.1 — 1.fc 1 (30)
'z, 0 A, Lz

where x; and z, are the vectors of slow and fast states of the
sub-system FC, respectively.
Let the system FPS be given by

; 31
4 2 A fpsv 2 G1
and T, be the transformation matrix as:

X

=Ty, (32)
22
T, transforms system (31) to the following form:
X Al,fps 0 X (33)
22 0 Ay Lz,

where X, and z, are the vectors of slow and fast states of sub-
system FPS, respectively.
If we define a transformation T as:

T, 0
- 0 T2 (34)
the system:
Vil Ap 0y (35)

_V'z 0 Afps V)

will be transformed into the following form:

X 1 | Afc 1 0 0 x 1 |
|| O Ao Zy | (36)
X, 0 A s 1 0 X,

1 Z, | i 0 Afps’z__zz_

By another transformation, T;, which is defined by:
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I, 0 0 O]
0 0 I, 0
T, =
0 I, 0 0 (37)
0 0 0 /,]
where I, i=1,...,4 are matrices with appropriate dimensions.

Finally, the system will be transformed into the following form:

_xl | _Afc,l 0 0 | —xl |

xz _ 0 Afpsyl X (38)
Z, 0 Afc,2 0 z,
1z, | i 0 Afps’z_ Ef

Therefore, the slow and fast states, x and z, and the total
transformation matrix, T, Will be:

_xl
X =
X
- (39)
Z,
z =
%2
T, O
Ttotal =T3 X : (40)
0 T,

4- Design Of Controllers

4- 1- Design of optimal controller for full-order system
The decoupled system achieved from applying appropriate
transformations is given in (41):

X, (t) =4 .x, (t)+BSu (t)
2, (t)=A,z, (t)+Bu(t)
y(t)=Cux (t)+Cpz,(t)
The objective function is defined by:

%T(yf (6)y (£)+u (¢)Ru (¢))de, R >042)

X, (0) =X,
Zy (0) =Z9 1)

J

Sull —order =

To achieve optimal control input based on objective function
(42), the following algebraic Riccati equation shall be solved:

Al K +KA4,,, -KB, ,R"'Bl K+C! C,. =0

new new new new

A = B B e =[Cc, C,]
new 0 Af > new B/ > ~new T s f

in order to reach the optimal control input [8]:

(43)

u=-R"B" K| (r)

z,(t)

(44)
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4- 2- Design of near-optimal controller for reduced-order model
The near-optimal controller can be designed based on
reduced-order model of system instead of the full-order one.
For this reason, slow-subsystem is selected as reduced-order
model. By setting z=0 in (41), the reduced-order model is
defined as follows:

X, (t) =Ax, (t)+B0us (t), X, (O) =X, 43)
Vs (t):COXS (t)""Do“s (t)

where

_ _ _ _ -1
Ay=A,,By=B,,Cy=C,,Dy=~C,A]'B, (46)
Since A is nonsingular, it contains only the fast modes, i.e.

the largest eigenvalues of system, A, exists.
The objective function is defined as follows [8]:

reduwd —order == J.(x C Cox ( )+2uAT (t)DgCO'xS (t) (47)
+ux ( ) M, (t ))dt
where:
R,=R+D}D, (48)

To obtain optimal control input with regards to (47), the
below algebraic equation shall be solved:

—~(KB,+CID)R; (BIK +DIC,)+CIC,=0(49)
Then, the optimal control input will be achieved as [8]:

u,(t)=-R,"(BgK +DyC,)x, () (50)

AlK +KA,

4- 3- Design of near-optimal composite controller

Another way to design a near-optimal controller is based
on both slow and fast isolated sub-systems. This controller
approximates optimal controller better than near-optimal
reduced-order one. In this way, the slow and fast subsystems
are designed individually. Then, they are composed to form
a composite controller [8]. This approach decreases the
stiffness difficulties , because instead of designing a control
input for a system with order n+m, two control inputs will be
designed for two systems with orders n and m; therefore, the
computational cost will dramatically decrease.

Consider the optimal control problem defined by equations
(41) and (42); the following theorem addresses the estimation
of the near-optimal composite controller.

Theorem 3. [8]

If G, is designed such that Re A(A¢+B¢ G,)<0, then there will
be an £™>0 such that if the composite control law:

u(t)=[(1,+G,4,"'B, )G, |x (t)+Gyz (¢) 6V

is applied to the system described by (41), the states and
control inputs of the resulted closed loop system with any
bounded initial conditions X, and z,, for any finite t and all
£€]0,&"] are approximated by:

x(t)=x,(t)+0¢) (52)
2 (t)=—A," (B.Gy)x, (t)+z, (1)+O¢) (53)
u(t)=u,(t)+u, (t)+0(e) (54)

where:

0, (=G, (1), u, (0)=Gaz, (1) 59
If, in addition G, is designed such that Re AMA+B; Gy)<O0,
there exists an £€>0 such that the closed loop system is
asymptotically stable and equations (52)-(54) hold for all
€€]0,&"] and all t€[t,,oo[.

By theorem 3, the problem of optimal control design can be
divided into two completely isolated parts, one for the slow
subsystem (C;, A, B;), and the other for the fast one (Cs, Ay,
By). The near-optimal composite controller is achieved by
controllers u, and us using equation (54) [8]:

= 56
uc(t) us(t)+uf (t) (56)
For this reason, the problem (41) and (42) shall be
decomposed into two separate problems. The output of
system is also desired to be the sum of the outputs of slow

and fast individual subsystems. For this reason, we rewrite
equation (41) by using equations (52) and (53) as below:

y=Cx(t)+C,z (t)

=C, [xs(’)“LO 8)]+Cf [_AAfilBsus(t) z,(t)+0(e )J
~(Cox ()-Cod, B (1)) +(Cz, () +0(e) O
=y, (t)+y,(1)+0(¢)

Based on equation (57), the output of slow sub-system is
defined by:

yS (t) :Cs‘xs (t)_CfAf 71Bsus (t) (58)

which is associated to the slow sub-system:

X, (t)=A4x, (t)+Bu, (), x,(0)=x,09

and the output of the fast sub-system is defined by:

v (1)=Cz, (t) (60)
which is associated to the fast sub-system [8]:
Z()=4,z, (t)+Bu, (1), ©1)
where

u, (t)=u(t)—u,(t) ()
and

2, ()=2(t)=2,(t), z,(t)=—A,"'Bu(t)63)
Therefore, the initial value of z; can be calculated based on
(63) as below:

z,(t))=24-2,(t,) (64)

The objective function for the slow sub-system is defined as:
Joow =|(xICICx +2u!D!Cx +u] (R+D!D, )u,)dt,

slow -([(xb s AxA s s Axé u.} ( s N )u.) ) (65)
R>0

Hence, the optimal controller for the slow sub-system, u,, can
be estimated by
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u,(t)=-[R+DID, ] (DIC, +B'K,)x,(1)(66)

where K is the solution of below algebraic Riccati equation [8]:

0=—-K, (AS ~B [R+DID, TDSTCS)

_(AS -8 [R+D!D,] DIC, )T K,
(67)

+K B [R+D!D,| B'K,
—C’ (1 -D,[R+D!D,] D! )CS

The objective function for the fast sub-system is defined as:
o0

1
- El(zfchcfo

Thus, the optimal controller u; for the fast sub-system is
-1pT
=—R 'B;K,z,(t) (69)
u, (t) IRAVEIAU
where K is the solution of below algebraic equation [8]:

—_ gy T -IpT AT
0=-KA4, -4 K, +K,B R B K, ~C;C, (70
5- Simulation Results
5- 1- Finding number of slow states and €
Using the method described in sub-section 3.C.1 and equation
(22), the number of slow states becomes 9, i.e. n=9. In Figure
1, V, has been plotted as a function of r, i.e. the number of
suspended slow states. By setting r=9 , the pseudo minimum
of V, is resulted. Absolute minimum of V, occurs in r=2.
However, to have a good estimation of system, we select
9 as the number of slow states of system because the slow

subsystem can be an approximation of the full-order system.
From on equation (17), € is achieved as:

€=0.2739 (71)

J

s +u] Ru, )dt,R >0 (68)

1

09

08t

cost function, Vr
o o o o
E= w o -~
: - - -

=
w

s 1 s s s
2 4 ] 8 10 12 14 16
number of slow variable, r

=
8]

Fig. 1. Estimating the number of slow states

5- 2- To obtain decoupled singular perturbation model

Using methods given in sub-section 3.C.2 and 3.D, the decoupled
singular perturbation model of system is achieved in the form of
(41). The associated matrices are presented in Table 1.
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5- 3- Results of applying optimal controller, near-optimal
reduced and composite controllers

The matrix R in objective function (42) based on reference
[6] is defined as:

10
R =0.01 (72)

The initial values of transformed state states (41) for full-
order model is selected as:

X, 1
=0.1] . (73)
Z, .
_1_18><1
Thus, for the reduced-order model (45) we have
|
x,=0.1 : (74)
_1_ 9Ix1

For the design of composite controller, the initial values for
states of the slow sub-system are similar to equation (74), but
the initial values for states of fast sub-system are given by (61).
With having identical initial conditions, the closeness of
outputs under three types of controllers to that under the
optima controller can be inferred by plotting all outputs in
one diagram. Figure 2 shows these responses. As it can be
observed from Figure 2, both responses associated to near-
optimal reduced-order controller and near-optimal composite
controller behave closely to the optimal full-order controller.
The values of objective functions related to full-order system
(Jsuioraer) and reduced order system (Jiequced-order) are attained as
1.2817 and 1.3601. The value of objective function for the
composite controller (Joomposice) 18 attained as 1.2841. This
result is expected because the composite controller should
be more accurate than the reduced-order one. This is also an
expected result based on the reference [8] which asserts that:

<J

It can be realized from the amount of objective functions that
the loss of performance compared with the optimal cost, with
near-optimal composite controller, is less than 0.18% and with
near-optimal reduced-order controller is less than 6.12%. Thus,
using each of the near-optimal composite or reduced-order
controllers results in a performance close to that of the full-
order optimal controller. This also indicates that this model has
singular perturbation properties with two-time scale.

Furthermore, the trajectories of the basic state space system
under the optimal full-order, reduced-order, and composite
controllers, described by (12) are plotted all in a single
diagram to be compared with each other (Figure 3); also the
comparison of related control inputs is presented in Figure
4. Figure 3 and Figure 4 also exhibit that near-optimal
controllers are acceptable approximates for the optimal ones.

qull —order < J

composite

(75)

reduced —order
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Table 1. matrices of decoupled system

-1.4030 0 0 0 0 0 0 0 0 -22.4029 0 0 0 0 0 0 0 0
-1.6738 -1.6473 0 0 0 0 0 0 0 0.1181 -18.2586 0 0 0 0 0 0 0
A 8.3596 -0.3087 -2.9158 0 0 0 0 0 0 A 11614 20.9866 -46.1771 0 0 0 0 0 0
S 0 0 0 -3.3333 0 0 0 0 0 _f -1.2977 -25.1165 39.5689 -89.4854 0 0 0 0 0
0 0 0 -5.1226 -1.4680 0 0 0 0 £ -431.7089 17.3312 -17.4515 -9.5467 -219.6241 0 0 0 0
0 0 0 574801 2.6790 -2.7710 0.0756 0 0 0 0 0 0 0 -12.1690 0 0 0
0 0 0 64.5906 2.9102 -3.9643 -2.7710 0 0 0 0 0 0 0 -128.5911 -89.1369 0 0
0 0 0 -43.1159 -6.0750 0.8337 15273 -0.3580 0 0 0 0 0 0 24631  0.1823 -157.8979 0
0 0 0 -65.8496 -15.2075 -6.7233 -8.5388 0.0286 -0.0862 0 0 0 0 0 301116 -32.5183 -0.8270 -660.6821
0.0039 0 -0.0035 0
0.0976 0 -2.6051 0
B -0.3102 0 B -2.2066 0
s -0.1200 0 ! -0.4811 0
0 0.1770 -0.0025 0
0 -0.0214 -0.0788 0.2253
0 0.0395 -0.5270 -0.7613
0 0.0009 -0.0017 0.0019
0 0.0021 0.0165 0.1158
-15.6122 0.2106 6.4158 0 0 0 0 0 0 0.2118 -0.4534 -8.0858 -6.2472 0 0 0 0 0
0.3698 -0.0072 -0.1326 0 0 0 0 0 0 -0.0023 -0.0332 0.0477 0.0480 0 0 0 0 0
C 14.8180 12.4493 -0.6497 0 0 0 0 0 0 C -9.8329 0.9992 -0.0766 -1.9067 -3.0379 0 0 0 0
s 0 0 0 01239 0.6616 0.9675 0.6094 0.1165 1.1066 f 0 0 0 0 -0.4248 0.0352 0 -0.0029
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Fig. 2. output responses for different types of controllers (a) 1st output, (b) 2nd output,..., (¢) Sth output
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6- CONCLUSION

A singular perturbation model of the eighteenth order system
of Polymer Electrolyte Membrane Fuel Cell coupled with
Natural Gas Hydrogen Reformer with two-time scale was
introduced in this paper. Applying the near-optimal controller,
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seccond input

———u2 optimal
== =12 reduced
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(b)

designed based on the reduced-order model, and slow and
fast models resulted from the two-time scale model, indicates
that all the simpler controllers have a performance near to
optimal full-order controller. This shows the achieved model
of two-time scale singularly perturbed is acceptable.
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Appendix I: (matrices of original system) [6]

[-6.3091 0.0000 —10.954 0.0000 83.7446 0.0000 0.0000 24.0587 ]
0.0000 —161.08 0.0000 0.0000 51.5292 0.0000 —18.026 0.0000
~18.786 0.0000 —46.314 0.0000 275.659 0.0000 0.0000 158.374
7 _| 00000 00000 00000 -17.351 193.937 0.0000 0.0000 0.0000
1.2996 0.0000 2.9693 0.3977 —38.702 0.1057  0.0000 0.0000
16.6424 0.0000 38.0252 5.0666 —479.38 0.0000  0.0000 0.0000
0.0000 —450.39 0.0000 0.0000  142.208 0.0000 —-80.947  0.0000
| 2.0226 0.0000 4.6212 0.0000  0.0000 0.0000 0.0000 —51.211]
[0.00007]
0.0000
0.0000
g _| 39467
0.0000
0.0000
0.0000
0.0000 |

0.0000 0.0000 0.0000 0.0000 1.0000  0.0000 0.0000 0.0000

0.0000  0.0000 0.0000 5.0666 -116.4500 0.0000 0.0000 0.0000
CFC —
12.9699 10.3235 -0.5693 0.0000  0.0000  0.0000 0.0000 0.0000

0.0000
D" =10.0000
0.0000
—0.074 0 0 0 0 0 —3.53 1.0748 0 le — 67
0 —-1.468 —253 0 0 0 0 0 2.5582 130911
0 0 —-156 0 0 0 0 0 0 33.586
0 0 0 —124.5 212.63 0 112.69 112.69 0 0
AFPS — 0 0 0 0 —3.33 0 0 0 0 0
0 0 0 0 0 —32.43 32304 32.304 0 0
0 0 0 0 0 31.8 —344 341 0 9.9042
0 0 0 221.97 0 0 —253.2 —254.9 0 32.526
0 0 2.0354 0 0 0 1.8309 1.214 -0.358 -3.304
0.0188 0 8.1642 0 0 0 5.6043 5.3994 0 —13.61
r 0 0
0 0
0 0
0 0
grps — (012 0
0 0.1834
0 0
0 0
0 0
L0 0
CFPS'lo 0 00O0O0O0OO0O
|10 0994 —0.08 0 0 0 0 0 0 O
DFPS — 0 O
10 0
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Appendix II: Naotations [6]

Nomenclature
mo, mass of oxygen Uslo air blower signal
my, mass of hydrogen Uyalve valve blower signal
my, mass of nitrogen Tepox catalyst temperature
®cp compressor speed, rad/sec P2 pressure of hydrogen in the anode
Psm pressure of gas in supply manifold p™ anode pressure
Mg mass of gas in supply manifold ph heat exchanger pressure
M0, mass of water in the anode channel Oblo speed of the blower , rad/sec
Prm pressure in the return manifold p"% pressure of hydro-desulfurizer
W, compressor flow rate p™*cna  pressure of CH4 in the mixer
Vi stack voltage P pressure of air in the mixer
Vem compressor motor input voltage P2 hydrogen pressure in water gas shift converter (WROX)
I stack current prx total pressure in WROX
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