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learning of unknown nonlinear dynamics. A recursive sparse Gaussian process (RSGP) with a fixed
inducing set estimates‘an unknown state and input-dependent residual from closed-loop data. The
previously established deterministic bounded-noise certificate is used to construct nested residual
bounds, so noisy data cannot enlarge. the uncertainty bound used for control. We develop a robust tube-

based method where the nominal tube center follows only the known dynamics, while the nested residual

envelope determines a rigid tube whoseadius is updated causally between sampling instants and remains  Keywords:

fixed during each predictive horizon. The fixed nominal dynamics, nested uncertainty envelope, causal Safe Active Learning
tube update, and common terminal ingredients establish hard constraint satisfaction under every RSGP . .
. o : - . . Informative Planning
update without a post-update feasibility test. Thedaumerieal studies illustrate improved model-learning

accuracy under active exploration, with no observed state opinput constraint violations in the evaluated Nonlinear Model Predictive Control

examples.

Recursive Sparse Gaussian Processes
Rigid Tube MPC

Constraint Satisfaction

1- Introduction

Learning nonlinear dynamics from data is important
when first-principles models are incomplete or affected
by significant model mismatch. Online learning enables
the model to be refined continuously during operation, but
the quality of the learned model depends strongly on the
closed-loop trajectory. Regulation-oriented operation may
repeatedly visit only a limited region of the state—input
space and therefore provide poorly informative data. Active
learning addresses this limitation by deliberately selecting
measurements or trajectories that improve the learned model
efficiently [1, 2].

For physical systems, informative data collection must
additionally satisfy safety requirements. Gaussian process
(GP)-based safe active-learning methods restrict exploration
according to learned safety information [3-5]. For uncertain
dynamical systems, safety during learning has also been
established through reachability- and Lyapunov-based
arguments [6-8], predictive uncertainty propagation [9],
contraction-based tracking [10], and sequential exploration—
exploitation strategies [l11]. These methods provide
systematic mechanisms for safe exploration, predominantly
using probabilistic or high-confidence descriptions of GP
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modelcuncertainty. In contrast, the present work considers
bounded disturbances and reproducing kernel Hilbert space
(RKHS) regularity and uses a deterministic bounded-noise
error certificate. Accordingly, hard state and input constraints
are)guaranteed for all uncertainties satisfying the assumed
boundsrather than on a prescribed confidence event.

Continual online learning introduces an additional
difficulty “because the uncertainty description changes
whenever the model is updated. Castafieda et al. [12] address
recursive safety using GP-based control barrier functions
and pointwise feasibility conditions that determine when
additional safe data acquisition is, required. Here, the same
issue is addressed by constructing,a nested deterministic
residual envelope. Although,a noisy observation may
enlarge the newly computed raw certificate, the uncertainty
description used for safety cannot<increase. Consequently,
every bounded-noise observation' can be incorporated into
the learning update without model-update/rejection or an
additional post-update feasibility test:

Scalable online GP formulations address the computational
growth associated with accumulating data [13, 14]. We adopt
the fixed-inducing-point RSGP of Schiirch'et al. [15], which
recursively incorporates new measurements while keéping
the online model dimension independent of the acetmulated
data.
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Deterministic RKHS error bounds under bounded noise
are developed in [16, 17], including a sparse-GP certificate
in [18]. We express this certificate using recursively available
RSGP quantities and construct a nested residual envelope that
remains nonexpanding under successive noisy updates.

Motivated by these observations, this paper develops a
safe active-learning framework for partially known nonlinear
dynamics. The unknown state- and input-dependent residual
1s learned online using the RSGP of Schiirch et al. [15]. The
deterministic sparse-GP certificate of [18] is evaluated using
recursively available quantities and converted into a nested
residual lenvelope. A certificate-aware exploration criterion
combines mutual information with the predicted change in
this certificate;so data acquisition accounts for both statistical
informativeness fand improvement of the safety-relevant
model description.

Nonlinear model predictive‘control (NMPC) is employed
as the constrained trajectory-planning mechanism for
realizing the safe learning strategy. The nominal trajectory
follows only the known dynamics, -Wwhereas the nested
residual envelope determines a causally updated rigid tube.
A baseline problem provides accertified feasible trajectory,
and an exploration refinement searches over the.same robust
feasible set for a more informative/trajectory subject to a
prescribed performance-degradation budget. This structure
preserves hard constraint satisfaction hunder) successive
learning updates while allowing every bounded-noise RSGP
update to be incorporated.

The main contributions are summarized as follows.

Building on the fixed-inducing-point RSGP of \[15], we
integrate fixed-dimensional recursive learning with safe active
learning of unknown nonlinear residual dynamics, thereby
combining scalable online estimation with constrained
informative data collection.

Building on the deterministic RKHS error bounds in
[16, 17] and the sparse-GP certificate in [18], we construct
a nested residual envelope that remains nonexpanding under
successive noisy updates, enabling recursive robust constraint
handling.

In contrast to the predominantly probabilistic or high-
confidence safe-learning approaches in [3-11], the proposed
exploration criterion explicitly accounts for the predicted
change in the deterministic error certificate in addition to
statistical informativeness.

Compared with the update-dependent recursive-safety
mechanism in [12], the proposed nested residual envelope is
coupled with a causally updated rigid tube to guarantee hard
constraint satisfaction under successive bounded-noise RSGP
updates without model-update rejection or a post-update
feasibility test.

1- 1- Notation

For a positive-definite matrix , define . For a symmetric
matrix , denotes its largest eigenvalue. For sets A and B
, A®B and A ©B denote the Minkowski sum and
Pontryagin difference, respectively. The notation Xx ki
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denotes the prediction of X,,, computed at time ¢ . The
operator col(~) denotes column-wise stacking.

2- Problem Formulation
Consider the constrained discrete-time nonlinear system

Xepr = [ u) + g0, up) + 64, (M

where x, e ¥ cR™ and u, ed < R™. The compact
sets X and I/ represent hard constraints. The function
f:XxU—->R"™ is a known nominal model, whereas
g : XxU —>R"™ is an unknown residual learned online. The
additive term 5; represents bounded process and residual-
observation uncertainty.

Define & =col(x,,u,)eE=XxU and use g(&) as
shorthand for g (xt U, ) After applying #, and measuring

X, » the residual observation is

Ve = Xep1 — f (e ur) = g(&e) + 6. 2

Assumption 1 (Regularity and bounded uncertainty).
The functions [ and g are continuous on an open
neighborhood of &, and f is continuously differentiable.
The uncertainty satisfies || o, ||2£5 for all t>0. Each
component g ; belongs to the RKHS 'Hq associated with the
continuous bounded sparse kernel q introduced in Section 3
and satisfies || g , I, <T -

The objective is to learn g from (2) while actively
selecting informative inputs and guaranteeing x, e X and
upe U for all £ 2 0. The desired state is denoted by x € X
and need not be an admissible nominal equilibrium.

Because ithe learned residual changes after each
measurement, we separate learning from robust constraint
handling. The' nominal trajectory follows only the known
dynamies,-while the residual and disturbance are handled
through a certified tube. This architecture is used for both
safe regulation and‘informative input selection.

2- 1- Control Architecture

Let z and v denote the nominal state and input,
respectively, and consider an| ancillary feedback law
u= K(x ,Z,V ) with K(Z ,Z 4V ) =v . The nominal prediction
follows the known dynamigs, i.e., 23 =/ (Z -V, ) . For
a prediction horizon N , define

— S s
X ‘_(Zt’vt’gt U, )’

Zy = Zonps) Ve TV oo
where (Hf,uf) denotes the artificial steady-state pair
introduced later in the NMPC formulation: The candidate input
associated with y, is therefore u, ( %)= K(xt 3Z o5V o )
. The residual is next learned and certified, after which the
certificate is used for informative input selection and robust

tube construction.
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3- RSGP Learning and Deterministic Certificate
To enable continual learning without increasing the
dimension of the online estimator, we employ an RSGP

with a fixed inducing set R ={&} cE. Let k
denote the underlying kernel, with K, := [k(E/, Lf,j’)]w_: M,
K. ;=[k (£.8)snk (5.8 )] and K, =K, where

zr ismonsingular. The sparse kernel and corresponding
featurémap are g (£,4) =K ., K iy K o and H (£):=K ;K 1
, respectively.

3- 1- Recursive Sparse GP
An independent RSGP is assigned to each component of
g . Its posterior mean s

ﬁj,t(f) = H(’f)llj,t' j=1,..,n,.

)

The recursion is initialized with o= 0 and j0 = K i
. For a new sample (ﬁft >V, ),

Sjer1 = HEDZ HED)T + of (a)
Gj,t+1 = Zj,tH(gt)TSj,_tl-i-l (b)
Hje+1 = Hje T Gj,t+1(yj,t - H(ft)ﬂj,t) () @
Ljer1 = 2je — Gj,t+1Sj,t+1G]Tt+1 (d)

where O'f >0 is the likelihood-noise parameter. The
Gaussian likelihood is used for estimation and information
scoring, whereas O is used for deterministic safety. For the
deterministic certificate, initialize €; =0 and update the
fixed-dimensional statistic

Depq = 0+ HE)TH(EY). (5)

Because R is fixed, the RSGP state, €2,, and the per-
sample recursions have dimensions independent of the
number of observations [15].

3- 2- Deterministic Error Certificate and Nested Residual
Envelope

The RSGP posterior provides the quantities used for
estimation and information scoring, whereas hard constraint
certification relies on the deterministic bounded-noise RKHS
error bound. Let D, ={(&.y, )}L denote the data available
attime ¢ . When used as a kernel index, D, denotes its input
set. Define Ql),/), = Kl),RKlglleKRD, > Ql),§ = KI),RK.‘;IIQKRR_E - Let
H, = col(H (&), H (én[ )), so that Q, = H}, H,, , and let
Y, p, =0y, ...y, ). The recursive mean admits the
equivalent batch representation
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A -1
gj,t(f) = Qth(QDtDt + O}ZI) yj,Dt'

Moreover, the matrix inversion lemma gives

211 1 T
(QDtDt + oj 1) Qp,s = ?HDth,tH(f)
j

L2 1 (©6)
|@ooe + 071) " Qoiel, = —5H@Z002:5HET
]

Following the bounded-noise RKHS argument in [18],
applied to the sparse kernel ¢q , define

V() = [ [HE© 5 HET
5
;{"_ JH(f)zj,tntzj,tH(f)T

(7
+

The RSGP recursion in [15] is algebraically equivalent to
the corresponding batch sparse-GP posterior associated with
the same fixed inducing set and sparse kernel ¢ . Therefore,
the deterministic sparse-GP certificate of [18] applies to
the recursive representation used here under the RKHS and
bounded-noise conditions of Assumption 1, yielding

|gj(f) - g]t(f)| < Vj,t(‘f).

®)
vEesz, j=1,..,n,.
Define the raw pointwise certificate
B, (§)s=
{deR™ [ |dj - ;@] < v (§), j = 1,...,n,}
and the nested certificate
Co(§) = By($), ©)
Ces1(§):=C(§) N B y1 (s
Equation (8) gives g (5) eC., (f) zC (5),v5 ez,

The pointwise certificate retains the state—input dependence of
the residual uncertainty and is useful for agsessing candidate
measurements. Robust tube construction, in contrast, requires
a uniform disturbance bound over the admissibleé domain.
We therefore convert each valid pointwise certificate into a
certified global residual bound and retain the smallest bound
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obtained up to the current sampling instant. For the rigid-
tube construction, choose a certified raw global bound b,
satisfying

iy 1/2

= 10

b= supes | (19,001 + v, (0) (10
j=1

and update

Go: = by, Gev1: =min{ge, be,1}. (1)

Here, B (&) and,C (&) arepointwise residual certificates,
with C, (5) obtained by nesting suecessive raw certificates.
In contrast, b, is the raw global scalar bound over =, while
g, is its nonincreasing nested/counterpatt used for the robust
tube construction.

The upper bound in (10) 1s evaluated once per sampling
instant using a certified global method on the compact
domain Z, such as interval branch-and-bound with valid
interval extensions of the terms in (10).

Lemma 1 (Validity and monetonicity of the
residual envelope). For all t2=20) and ~EeZ,
||g(§)||z gt’ §I+IS§,~

Proof. Equation (8) implies ‘g}.&f) s‘gAN (f)‘+vﬂ (&)
for every i <t. Hence, ||g(§)||2£bi for every ‘1n<t, and
therefore || g ()|, <min,_b, = g,. Monotonicity follows
directly from (11).

Remark 1. The posterior mean in (3) is the RSGP point
estimate and centers each raw certificate. The nominal tube
center is propagated only by the known dynamics. Safety uses
the nested envelope (11), which remains valid even when
noisy data move the posterior mean or enlarge the new raw
certificate.

4- Certificate-Aware Exploration Score

The preceding learning module provides two
complementary indicators of the value of a candidate
measurement: the RSGP covariance quantifies statistical
informativeness, while the deterministic certificate quantifies
its predicted effect on the safety-relevant model description.
We combine these quantities to construct the exploration
criterion. For Gaussian observations, the one-step mutual
information between a candidate measurement at & and the
inducing variables is

H()Z;H
gt@)_zzl ( HOZHET (f)) )

J

The output-independent covariance after sampling at & is
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2 HE)TH(E)Z;
H@)Z HE)T + of

2j,t+1|t(’f) = Zj,t -

Let G=1{¢' z c = be a fixed design set used only to
evaluate the exploration score. Let v/, el ({ ; f) be obtained
from (7) by replacing

Xir < 2j,t+1|t(€)'
0«0 +HETHE),
ngeng+1

Define

V, =max, g [”ZV/Z . (;)] and

2 \J=l
‘7r+l\t (5) maxgeg ZV//‘H\Z é/é: ! The neXt
observation is collected at EM (z)=col(x, ke (x,,2 vy, ).

residual

The certificate-aware exploration score is

Ve = Venge (£07°000)

max{v, €,}

A () =7 (8 () + 4 (13)

where 4,20 and &, >0. The first term rewards
covariance reduction, while the second rewards the
predicted reduction and penalizes the predicted growth of
the maximum certificate width over G . The score is used
only. for exploration; safety follows from the certified nested
envelope over the full domain =

5- Computable Rigid Tube Construction

We now translate the deterministic residual envelope into
arobust constraint-tightening mechanism. Since the nominal
trajectory is propagated only by f , the complete mismatch
between theplant and nominal dynamicsisw, =g (ft )+ o,
. Accordingly, define the certified additive uncertainty bound

W= g 46, (14)

By Lemma 1, ||w{|,,<w5, andw, ,, <w, . The following
incremental stablhzablhty condition converts this disturbance
bound into a robust tube around the nominal trajectory.

Assumption 2 (Incremental robust stabilizability).
There exists a continuous function Vi:R™ xR™ >R,
, a continuous ancillary feedbackwicy constants. c,,c, >0,
pe(0,1), and y >0 such that k(z,z4)=v and

allx—z 135 Vs(x,2) <cy 1 x—z 113

v (f(x,x(x, z,v))
4 +w, f(z,v)

15
> <pVs(x,z2) +y w3 (15)
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for all admissible (x,z,v ) andall [lw [,,<w.

Remark 2. Assumption 2 is closely related to incremental
input-to-state stabilizability (O -ISS) conditions used in
robust nonlinear MPC [19, 20]. The incremental Lyapunov
function, and ancillary feedback are offline controller-
design ingredients and need only be certified over the
prescribed  operating region. For a quadratic metric
Vid#.2)=(x —z) P(x —z) and affine ancillary feedback
K(x,z,v):v +K(x -z ) the parameters P, K , p, and
y can/belobtained.and verified using polytopic/LPV matrix-
inequality constructions based on bounds on the incremental
system Jacobian. For more general nonlinear systems,
sum-of-squares or control-contraction-metric constructions
provide  state-dependent alternatives [21, 22]. These
computations are performed offline and do not increase the
online complexity ‘of the proposed RSGP-NMPC scheme.
Such incremental-stabilizability constructions have also been
demonstrated for nonlinear quadrotormodels [20, 22].

For a causally determined radius s, > 0, define the rigid
tube employed in the NMPC problem at time ¢ as

Z(2):={x € R™ | Vs(x,2) < st} (16)

The following result provides a valid causal choice of
s, and establishes the corresponding tube propagation.and
nonexpansion properties.

Proposition 1 (Causal tube radius and propagation).
Suppose Assumption 2 holds and w, , <w, for.all ¢.
Initialize

Sogr=7— W (17)

and update the radius according to

stii= psE + ywf (18)

If X, eZt(z,), u, :K(xt,z,,vt), and
z,,=f (Zt,vt), then x,, €2, (zm). Moreover,
St+1SSt’ ZHI Z)QZI(Z[)

Proof. Using (1), Assumption 2, and equation (14),

Vs (X115 Ze1) < pVs(xy, 2,)
(19)
+YW¢ < psg + YW = sty

which proves x,,, € Z,,, (Zt+1 )
It remains to establish nonexpansion. From equation (17)
suppose that s’ >/ /(1-p). Then,

— | Yy
st = ps? 4y} 2 TLowE = Tk,
Sty =52 = —(1— p)st +yWE <0

where the last inequality follows from
Furthermore,

Induction therefore yields s
follows directly from (16).

Hence, s, is a causally updated controller parameter
rather than an optimization variable. The resulting tube can
therefore be used to translate the original plant constraints
into nominal constraints that are fixed throughout each
NMPC optimization.

Define the robustly admissible nominal sets

1+1 SWt .

1 <5, . The tube inclusion

Xp:={z € R™ | Z,(z) € X} (a)
U(2):={veUlk(x,zv) €U, Vx (b) (20)
€ Z,(2)}

Tube  nonexpansion
LTI(Z)QI’THI(Z)’

Remark 3. For x(x,zyv)=v+K(x-z) and a
translation-invariant tube Z, (Z ) =z @&, the robust
constraints reduce to z e XO&y eUOKE, Hence, the
nested residual envelope affects the NMPC only through
the scalar recursion (18) and the corresponding constraint

tightening.

implies X <X and

6- Exploration-Aware Safe NMPC

The preceding construction provides, at each sampling
instant, a'certified tube and the corresponding tightened state
and input sets. These ingredients are now used to formulate the
safe NMPC problem. The controller first computes the best
regulation trajectory overithe certified feasible set and then
searches over the same set for a more informative trajectory
subject to a prescribed regulation-performance degradation.

Since the desired state” x  _meed not be an admissible
equilibrium of the nominal dynamies, regulation is formulated
with respect to an artificial steady state (e,us ) . Define the
fixed admissible set

S:={(6,u®) |0 =f(6,u"), 8 € Xy, u° €Uy (21)

Because the tightened sets expand, every element of S
remains admissible for all 7 > 0. Define

(z,v;0,u):= 1 z= 0 G+ 1 v—u®lj 22)
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where Q >0 and R > 0. To close the finite prediction
horizon while preserving hard constraint satisfaction, terminal
ingredients are introduced to keep the terminal nominal state
within an admissible invariant region under a local terminal
controller. Since the tightened sets expand as the certified
tube contracts, these ingredients can be constructed for the
mitial‘tube and retained thereafter.

Assumption 3 (Common terminal conditions). For
every (ﬁ,us e S, there exists a compact terminal set
X (G,us ) C Jord terminal controller Vi, and a continuous
nonnegative terminal cost V. such that, for every

zed, (gjuS), with 7+ ::f(z, v, (z5 0, u, )),

v (z; 0,us) € Uy(2), (a)
z* € X;(0,uy), (b) 23
Vi(z"; 0) = Vi(z 0) < (c)

—4(z,v(2; 0,us);0, ug)s

The terminal ingredients are constructed<and verified
offline for the initial tube. Since tube nonexpansion implies
Xo S X, and u, (Z ) Cu, (z ), the same terminal ingredients
remain valid forall £ > 0.

Remark 4. For a translation-invariant tube
Z, (z):z ®E,, let Xf’ (H,us)g X be a robust terminal
state set. The corresponding admissible nominal-center set
is )(;(H,us)::ljz[lzo(z)g?(f (00" )} = X7 (64" ) O &, “Hence,
X, (H,u" in Assumption 3 may be chosen as any compact
positively invariant subset of X (H,us) satisfying «he
terminal input and decrease conditions. Since & c &,, this
construction remains valid for all t 2 0.

For the measured state X, , define F; (x t) as the set of
all y, satisfying

Xt € Zt(Zo|t) (a)
Zk+1|t — f(Zk|t; vk|t): k=0,...N—1 (b)
Zye € Xy, k=0,.. N (c)

_ (24)
Vi)t € ut(zk|t); k=0,..,N=-1 (d
zyye € Xp (67, uf) (e)
67 u) €S ()

The initial tube constraint connects the measured state
to the nominal prediction, while the tightened state and
input constraints ensure admissibility of the corresponding
plant trajectory. The terminal constraint provides a feasible
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continuation at subsequent sampling instants. The tube radius
s, is fixed during the optimization; only the nominal states,
nominal inputs, and artificial steady state are optimized.

For y, € F (x,), define the finite-horizon regulation cost

N-1

I8 = ) £ (zuie viges 0 )
k=0
+V; (zyes 0F) + 2 1| 65 — x5 13

(25)

where 4, > 0. The baseline safe NMPC problem is

x¢" € argmin/™8(y,),

Ve(xp):= ]reg()(:)'*). (26)
XtEFt(xe)

The baseline problem therefore determines the minimum
regulation cost attainable within the certified feasible set.
This optimal value is used as a reference for exploration:
informative trajectories are permitted only if their regulation
cost remains within the prescribed degradation budget &, .

For a prescribed exploration budget ¢ >0, the
exploration refinement is defined as
x¢" € argmaxeA, (x.)
Xt (@)
s.t. Xe € Fel(xp) (b) (27)
J28(xe) < Ve(xe) + & ()

Proposition 2 (Feasibility of the exploration refinement).
1f the baseline problem (26) is feasible and &, >0, then (27)
is feasible.

Proof. The baseline optimizer satisfies th T e F (x ; )
and

Jree (},’f’*)b:*V' (xt ) <V, (x, )+8,.

Hence, ¥, isa feasible candidate for (27).

Thus, exploration introduces no additional safety
mechanism; it only selects.@ more informative trajectory
from the same robust feasible set while limiting the loss of
regulation performance.

When the exploration probléem is solved, set ¥, T A ’*;
otherwise, use thg *baseline optimizer as'a numerical fallback

and set ¥, T X. . The applied input is

_ ax . ax
U, = K(xt'Z0|t'UO|t . (28)

After measuring X, , the radius is updated by (18)the
RSGP is updated by (4), and the residual envelope’is updated
by (4). Every bounded-noise sample is used; no ‘model-
update acceptance or next-step feasibility test is performed.
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The resulting closed-loop implementation is summarized in
Algorithm 1.

Algorithm 1: Exploration-aware RSGP-NMPC with a
causal rigid tube
1. Initialize 4, , =0, X 0=Kg» Q,=0, g,, w,, and

8¢ from (17) construct the common termmal ingredients.
{For t=0,1,... do.
. Construct Zt , X.»and i, from s, and solve (26).
Solve (27)iuse the baseline optimizer as the numerical
fallback:
. Apply (28)'and measure x,,
.Set s’ = ps}+yw, .
. Form y, from (2), update the RSGP by (4), and update
Qt+1 by (5) N _
8. Compute bul, set g, = min{gj,le} , and set
t+1 gt+l
9. end for

The following result _establishes hard constraint
satisfaction of the proposed closed-loop learning scheme
under successive RSGP updates.

Proposition 3 (Hard constraint satisfaction). Suppose
Assumptions 1-3 hold, ¢ >0and the baseline problem
is feasible at t =0. Then Algorithm Ivis' well defined
for all t >0, and the implemented closed loop satisfies
x,eX,u, €U, vVt 20.

Proof. We proceed by induction. At /=0, the baseline
problem is feasible by assumption. Suppose'it is feasible-at
time ¢ . By Proposition 2, the exploration problem is feasible,
and hence " € %, (x,). Therefore, x, e X and u, e U by
the definitions of J, and i, .

Since z " =f (24

FNEWE

~ N D

o Vo ) Proposition 1 gives
X0 €2, (Zl|t )§X~

Shifting the implemented nominal sequence by one
step, retaining (6°“",u’*"), and completing it with the
terminal controller yields an admissible candidate at ¢ +1
. Indeed, y, < x,,, and u, ( )Cqu (z) preserve the
shifted constraints, while termlnal invariance completes the
candidate. Hence, the baseline problem remains feasible at
t+1.

Induction therefore establishes that Algorithm 1 is well
defined for all 20 and that x, e X and u, e Y for all
t20.

7- Numerical Example

The numerical study first evaluates hard constraint
satisfaction and learning performance on a constrained
nonlinear system, and then examines computational
scalability on a higher-dimensional quadrotor benchmark.

7- 1- Safe Active-Learning Performance

The numerical example uses the same two-state nonlinear
nominal dynamics as before, with a revised unknown residual.
Specifically,

Xipe1 = X1+ Tsxop + g1 (X, ug) + 61t (a)

—0.6sin(xy ;) (b)

—0.2x, + u; (29)

Xopr1 = Xz + T [

+92(xp, ue) + 8¢
Define

[ (x1 - 0. 75) 1

| 0.38 I

[ <x2—0.15)2 u — 0.65 J

0.30 0.25

and let the unknown residual be

(30)

0.04tanh(x;) + 0.012x,u + 0.14b(x, u)

gtow) = [ 0.06sin(2x,) + 0.018u? + 0.18b(x, )

The sampling time is 7', =0.1s , and the hard constraints
are x, €[-7,7] and u e[ -2,2]. The process disturbance

satlsﬁes lo, 1l,<10" *; accordingly, & =~/2107 is used for
the Euclidean-norm bound in Assumption 1.
The nominal prediction model is
Zigs1)e = Zokje T TsZoke (a)
. 31
—0.651n(21,k|t) (b) G1

N Ve s [—o.zZZ e+ Viie

The' RSGP mean is used for residual estimation
and certificate centering, while the nominal prediction
remains ‘governed by (31) and robust constraint
tightening is determined by the nested deterministic
residual envelope.

The predictionhorizen isN =10, with Q = diag(4, 6) and
R =0.1. The RSGP uses a squared-exponential kernel with
length scales 0.75,0.45,0.30) , a fixed 7x3x5 inducing-
point grid over%—l.S,l.S]x[ ~0.6,0.6]x[ -1.2,1.2], likelihood
standard deviations o, =0,=02, and RKHS bounds

I,,T,)=(0.02,0.03). Six inifial safplesiare generated in
E—O.Z,O.z]x[—0.1,0.l]><[—0.2,0.2] and processed through
the RSGP recursion before closed-loop operation.

For the tube construction, we use J% 5 (x .z ) =ljpon=z ||}2, and
K(x ,Z,V ) =v+K (x -z ), with
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p— [6.8325 4.2868
42868 4.15071°
(32)
K =[-29182 —-2.7677],

and p=0.9055, y=55. These quantitics are obtained
offline using the sector-bounded polytopic LMI construction
discussed in'Remark 2, with the sector bound associated with

the sin(x  )smonlinearity. o
Ty 2

For (10) let p, (&)= Ez(gj” (&)+v,. (5)) J . Interval
branch-and-bound is_app. iéld over Z = [-7, 7]* X'[-2, 2]. For
each current box @, an interval bound 4, (Q, ) 2 sup,q 4, (£)
is computed. | With  h, =max,h, (Q ), h, =max,h, (c,),
where ¢, is the center of O ,.subdivision continues until
h, —h, <0,, . The certified valite b, := 4, is then used in (11)
For the numerical implementation,, mutual information is
accumulated over N, =10 predicted state—input pairs:

Ne—1
AP () = Z I (Eklt)
k=0
o (33)
42 Vi = Veage ('fz?bs()(t)) Y A
v max{¥v,, €, } ’ e

The certificate-change term is evaluated at the next
implemented observation. This numerical extensionimodifies
only the exploration objective and leaves the robust feasible
set unchanged. The exploration search uses 21 candidate
inputs. The proposed method uses A, =1200, while the
proposed method without the certificate term sets A4, =0 all
remaining settings are identical.

The simulation is divided into an initial learning phase
and a subsequent common tracking phase to separate the
effect of informative data collection from the later regulation
task. The initial state is x, = col(0,0). To isolate the effect
of active exploration, the exploration budget is nonzero only
during the first 30 :

B {5(0.997)’ . 0<(T, <30s,

g =

0, tT, 230s.

During this phase, the reference is fixed at the origin.
Consequently, a purely regulation-oriented controller
provides limited excitation, whereas the exploration-aware
controllers can actively collect informative data.

After 30s , all controllers track the same time-varying
reference. Let 7 =¢7, . For 30<7<90s ,

r,(7) = 7.5sin(27(0.0125)(t — 30))
r,(7) = 7.52m(0.0125)
x cos(2m(0.0125)(z — 30))
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Before 30s, 7 (T) = 001(0,0). The amplitude of 7,
exceeds the hard constraint |x1| <7, providing a direct test
of hard constraint satisfaction, while 7, is consistent with the
kinematic relation # =7, .

During the moving-reference phase, only the regulation
objective is replaced by the tracking cost

N-1

I Zgje — T I3
ttl‘k = Z < | * N +” Zle - rt+N "}27 (34)

+ll gy — Ubyp I
! kit — Utk IR

where u, is obtained from the nominal dynamics. The
RSGP update, tube construction, and robust constraint
handling are otherwise unchanged.

Four controllers are compared. The proposed method uses
both mutual information and the certificate-change term.
The method without the certificate term sets A, =0 while
retaining active information seeking. The method without
information seeking performs the same online RSGP updates
but applies only the baseline safe controller. Finally, the
robust NMPC without learning retains its initial RSGP model
and uncertainty description throughout the simulation. These
comparisons isolate the contributions of certificate-aware
exploration, active information seeking, and continual online
learning, respectively. All methods use the same constraints,
initial data, disturbance realization, horizon, tube parameters,
and regulation weights.

The initial root-mean-square error (RMSE) is evaluated
before the first online update, whereas RMSE30— is evaluated
immediately before the moving-reference phase.

Figures land 2 show that the certificate-aware term
produces a clear learning benefit without sacrificing hard-
constraint satisfaction. At 30— s, the proposed method reduces
the,validation RMSE by 83.43%, compared with 66.79%
for the proposed method without the certificate term. The
corresponding RMSE values are 0.000276 and 0.000552 . At
thend of the 90 s simulation, the proposed method achieves
an RMSE 0f.0.000225, compared with 0.000452 without the
certificate term.

The certificate-related quantities exhibit the same trend.
Initially, g, =0:036127 and s,=0.871890. At 30 s, the
proposed method gives<g,, =0.032198 and s,, =0.779031
, corresponding to reductions of 10.87% and 10.65%,
respectively. Without the certificate term, g,, =0.035405
and s,, =0.854507, corresponding to reductions of 2.00%
and 1.99% . Thus, the certificate-aware objective changes
the selected informative trajectory in a way that accelerates
contraction of both the nested residual lenvelope and the
resulting rigid tube.

To assess statistical significance; the 307s, experiment
was repeated over 20 independent /paired realizations.
The proposed method achieves an RMSE reduction of
81.60%+3.27%, compared with 65.87%+0.86% without
the certificate term. The mean paired improyveément \is
15.74 percentage points with a 95% confidence interval
of [14.17,17.30] percentage points. A paired 7 test gives
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0 10 20 30 40 50 60 70 80 90
Time [s]

e Proposed method = = = Robust NMPC without learning

= = Proposed without certificate term =~ — Reference
=« + Proposed without information seeking

Fig. 1. Closed-loop responses of the four controllers. The panels showx 1, x_2, and the applied input, respectively.
The vertical marker at 30 s indicates the end of active exploration. The requested x_1 trajectory exceeds the hard state
constraint near itsiextrema.

0.008 ~

0.007 ~

0.006 -

0.005 A

Validation RMSE

0.004 A

0 10 20 30 40 50 60 70 80
Proposed method Time [s] Proposed without information seeking
= === Proposed without certificate term = = = = Robust NMPC without learning

Fig. 2. Evolution of the model RMSE. The vertical marker at 30 s denotes the end of active exploration and the'begin-
ning of the moving-reference phase.
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Table 1. Learning and closed-loop comparison. The 30— s values are evaluated immediately
before the moving-reference phase.

v RMSE 830 (A[%]) s30 (A[%])

0 0.000552 0.035405 (2.00) 0.854507 (1.99)
600 0.000393 0.033658 (6.83) 0.814166 (6.62)
900 0.000360 0.033873 (6.24) 0.817988 (6.18)
1000 0.000287 0.033161 (8.21) 0.803642 (7.83)
1200 0.000276 0.032198 (10.87) 0.779031 (10.65)

p =122x10"", ".confirming _a statistically significant
improvement.

The proposed methods the method without the certificate
term, and the method without infoermation seeking achieve
tracking RMSEs of 0.275, 0.277, and 0.261, respectively,
while robust NMPC without learning achieves 0.261. Thus,
the main benefit of active exploration is improved model
accuracy, while all controllers satisfy the hard constraints.

7- 2- Effect of the Certificate Weight &

To isolate the effect of the certificatesaware weight, the
same revised nonlinear setup is simulated with all.quantities
fixed except ﬂv . Table 2 reports the validation RMSE, nested
residual bound, and tube radius after the 30 s active-learning
phase.

The sensitivity study shows that the certificate-aware
term affects both learning accuracy and the safety-relevant
uncertainty quantities. With 4 =0, the nested residual
envelope and tube radius contract by about 2% during active
learning. Increasing the weight redirects exploration toward

observations predicted to reduce the worst deterministic
certificate. In this example, A, =1200 gives the strongest
tested contraction, reducing g,, by 10.87% and s,, by
10.65% , while also producing the lowest 30 s RMSE. The
comparison therefore illustrates the intended role of ﬂv st
trades statistical informativeness against predicted reduction
of the deterministic safety certificate rather than modifying
the robust feasible set itself.

7- 3- Computational Scalability

To examine scalability on a higher-dimensional physical
system, we consider a Crazyflie-type quadrotor with x =
[P, T, o']" € R? and u = [T, 17]" € R*, where n and ®
denote the Euler angles and body angular rates, respectively.
The nominal Newton—Euler dynamics are

p=v, v=R@meT/m—ge;

n=EMmw, =] -wxJw) (35)

Table 2. Effect of &._v after 30 s of active learning.

Metric Proposed Without certificate Without information Without learning
Initial RMSE 0.001663 0.001663 0.001663 0.001663
RMSE30- 0.000276 0.000552 0.001646 0.001663
Reduction at 30— 83.43% 66.79% 1.05% 0.00%
Final RMSE 0.000225 0.000452 0.001408 01001663
Final reduction 86.49% 72.83% 15.36% 0.00%
Tracking RMSE 0.275 0.277 0.261 0.261
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Table 3. Computational comparison for the quadrotor benchmark.

Method Time [ms] RMSEy RMSE¢ Red. [%)]
Proposed 14.446 0.06642 0.04618 3048
Without certificate 14.011 0.06642 0.05565 16.22
Without information 10.618 0.06642 0.06307 5.05
Without learning 8.365 0.06642 0.06642 0.00

where R(n) and E(n)-are defined in [23]. The model
is discretized with 7' = 0.028 using'm = 0.029 kg and J =
diag(1.43, 1.43,2.89) x 107 kg m?, while the simulated plant
uses m, = 0.031 kg and J_ = diag(1.58,4.50, 3.08) x 107
kg m?. In addition to this parametric mismatch, a synthetic
residual represents unmodeled aefodymamic and actuator
effects:

g(x,u) = Fp (%, U; Merye, Jerue)
—Fp G, uym, ) + Tscol(03, d,, dy, dw)

where F, denotes one discretized step of (35) and
d, =0.02tanh (@) - Moreover,

i = 1(—0.30vx|vx|+0.120T, —0.30vy|vy|)
v —0.12¢T, —0.22v,|v,| + 0.14T|T|

4= —0.18p|p| + 0.1474|7,|, —0.18qlq|
@ +0.1474 %51, —0.12r|7| + 0.10%,| 7|

withfziT Mg and r:col( iz e Ty ]
mg 0.005 0.005 0.0025

These terms are introduced only to provide smooth state- and
input-dependent model mismatch and are not intended as an
identified aerodynamic model of the Crazyflie. The resulting
system provides a physically motivated nonlinear MIMO
benchmark and increases the RSGP input dimension to 16.

For the corresponding tube ingredients, we consider
V&q(x, z) = (x — Z)TPq(x - 2), Kq(x, Z,V)=v+ Kq(x - 2),
where P € 8%, K € R"", and the associated p_and y, are
offline design quantities. These quantities can be constructed
offline using an LPV/LMI representation of the incremental
Newton—Euler dynamics over the prescribed flight envelope,
following Remark 2. These quantities remain fixed during
online operation and are not part of the RSGP recursion or
exploration optimization.

The RSGP uses M =36 inducing points with N =12,

N, =4, and five exploration candidates. The reported results
are averaged over four disturbance realizations, and the RMSE
is evaluated on the same fixed forward-flight validation set for
all methods. All runtimes are measured using a Python 3.13
implementation on an Intel Xeon Platinum 8370C processor
at 2.80 GHz and are reported as the mean online computation
time per sampling instant.

The proposed method reduces the final RMSE by 17.0%
relative to certificate-free exploration and by 26.8% relative
to passive online learning. Its mean online runtime is
approximately 1.73 times that of the no-learning controller,
indicating that the improved learning accuracy is obtained
with moderate computational overhead.

8- Conclusion and Future Work

This paper developed an exploration-aware NMPC
framéwork for safe online learning of unknown nonlinear
residual dynamics using recursive sparse Gaussian processes.
A deterministic bounded-noise sparse-GP certificate was
combined with a nested residual envelope so that successive
noisy measurements cannot enlarge the uncertainty bound
used for safety. /The resulting envelope was incorporated
into a causal rigid-tube construction whose nominal center
follows only the known dynamics and whose radius remains
fixed during each NMPC ‘optimization. A certificate-aware
exploration criterion was then used to select informative
inputs while preserving the same robust feasible set as the
baseline controller. This construction guarantees hard state
and input constraint satisfaction under successive bounded-
noise RSGP updates withoutz«model-update rejection
or a post-update feasibility/ test. ‘Fhemnumerical results
demonstrated that active information seeking substantially
improves model accuracy while maintaining the prescribed
hard constraints, with the certificate-awaré term providing
an additional improvement over mutual-information-only
exploration. The present formulation assumes known RKHS
and disturbance bounds, a fixed inducing set, and’ offline
construction of the incremental-stabilizability.and terminal
ingredients. The fixed-dimensional RSGP keeps the online
learning complexity independent of the accumulated data,
while certified bound evaluation and exploration remain the
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main computational components as the problem dimension
increases. Future work will investigate more scalable
certificate evaluation, adaptive sparse representations, and
experimental validation on physical platforms.
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