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ABSTRACT: Nowadays, natural gas pricing, particularly for the residential sector, has always been
a challenging issue in the natural gas market due to the rapidly changing factors affecting natural gas
supply and demand mechanisms. Weather temperature and demand are the most important and influential
factors that have repeatedly attracted scholars to mathematically model natural gas prices, especially for
forecasting purposes. Traditionally, the prices of other major substitute energy sources, such as oil, gas
oil, and coal, have also been formally used in natural gas pricing mechanisms across different natural
gas markets worldwide. However, there are almost no studies that specifically discuss natural gas pricing
based solely on weather temperature, demand, and residential end users’ average income simultaneously.
In this study, we are determined to model natural gas prices in terms of weather temperature and demand
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for different income levels using a curvature-based formula under two scenarios. The main strategies P
underlying this research are that higher prices should be paid when the weather temperature decreases Income
and the demand increases, respectively. In addition, we deliberately reformulate the proposed basic ~Mathematical Modeling

model (Scenario One) using the income elasticity of demand to define natural gas prices for different Curvature Formula
demand levels. There are two notable features of this study: (1) the proposed mathematical pricing
models are sufficiently flexible to simultaneously incorporate weather temperature, demand, and
average income to categorize residential end users; and (2) the curvature formula provides the flexibility

to reconfigure the proposed models into alternative natural gas pricing equations, which can strategically

benefit policymakers in the natural gas market.

1- Introduction

Natural gas ranks among the fastest-growing energy
sources in the world and is regarded by many in the energy
industry as a comparatively clean, low-cost, and versatile
fuel. Nowadays, natural gas, which is recognized globally
as a clean source of energy [1] and a strategic fuel [2], is
commonly used in the residential and industrial sectors.
The widespread use of natural gas, together with its
environmentally friendly characteristics and economic
advantages [3], has encouraged gas companies on the supply
side of the natural gas production system to carefully consider
their selling prices [4]. Moreover, natural gas pricing [5,6]
is one of the most important issues in today’s global energy
markets due to the key role of natural gas as a major and
efficient energy resource, particularly for heating purposes
in power plants [7] and household heating appliances [8].
With this in mind, natural gas prices are not stable over time
and vary considerably across global markets. It is also worth
mentioning that natural gas pricing frameworks are often
influenced by the prices of other major fossil fuels, such as
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crude oil and coal. Additionally, the volatility of international
energy markets, which is primarily affected by natural gas
supply costs, environmental restrictions, climate change [9],
international policies, economic uncertainties, and demand-
side factors, must be carefully considered when evaluating
natural gas prices at both the local and global levels. Research
on natural gas pricing mechanisms has been widely conducted
by both practitioners and academic scholars. From a technical
and mathematical perspective, there are two main pricing
mechanisms in natural gas markets [10]. Oil indexation and
hub pricing [11,12] are the two principal natural gas pricing
mechanisms used in gas markets. Under the oil indexation
mechanism, crude oil prices are generally assumed to be
the primary basis for natural gas pricing. In contrast, under
the hub pricing mechanism, natural gas is typically priced
competitively based on supply and demand determinants.
There are three major natural gas markets, namely the
European Union, Japan, and the United States [13]. However,
these major gas markets are, in reality, closely integrated with
the global oil market [14—16]. Furthermore, seasonality and
weather temperature [17-22], financial speculation [23], and
financial markets [24-27] have significant and unavoidable
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impacts on natural gas price fluctuations. On the other hand,
the increasing rate of natural gas consumption has made it more
difficult to accurately analyze supply capacity, production
rates, demand levels, and price irregularities. Therefore,
natural gas, as the cleanest low-carbon primary energy source
[28], which has been rapidly adopted in the residential sector
and domestic power plants worldwide, should be priced in
an effective manner that covers all costs and risks associated
with natural gas supply while simultaneously maintaining
the intended level of demand. However, natural gas prices
have recently been revised and restructured for the residential
sector in several regions around the world. Furthermore,
because of its strategic importance, environmentally friendly
low-carbon characteristics, and widespread use in urban
areas, particularly for heating purposes, natural gas has
recently been priced higher for residential consumers than for
commercial and industrial users in some countries, such as
the United States (EIA, Natural Gas Monthly), whereas the
opposite pricing structure exists in other countries, such as
Germany (https://www.statista.com). In particular, weather
temperature is generally regarded as an indispensable
parameter and one of the most important factors affecting
energy markets, especially natural gas markets. This
phenomenon is commonly referred to as the seasonal impact
on energy markets. Furthermore, natural gas price volatility
caused by daily temperature variations has been extensively
investigated and modeled by many researchers [29-33].
These studies clearly demonstrate that the behavior of natural
gas prices with respect to weather temperature can be more
effectively analyzed and understood. Natural gas prices and
consumers’ income are commonly formulated with respect
to natural gas demand to mathematically explain changes
in consumption levels. Price elasticity and income elasticity
of demand are two econometric measures used to quantify
the responsiveness of the quantity of natural gas demanded
to changes in price and income, respectively. Additionally,
these elasticities are very useful tools for policymakers in
energy markets [34-36]. Moreover, several previous studies
conducted in different countries have demonstrated that price
and income elasticities can be used to analyze natural gas
demand over specific time periods [37—43].

Basically, price and income, which are considered part of
the socioeconomic determinants, together with temperature,
which is recognized as one of the major meteorological
variables [44], are among the most important and logical
measures for studying natural gas markets in greater detail.
Therefore, in the present paper, we deliberately aim to
reexamine and model natural gas prices, particularly for
the local residential sector, by considering only weather
temperature and the end users’ average income.

The remainder of this paper is organized as follows.
Section 2 reviews previous studies investigating the
relationships among weather temperature, end users’ average
income, and natural gas prices. In addition, the mathematical
models describing these relationships are presented. The
research gap is discussed in Section 3. Section 4 presents
the research methodology and the mathematical strategy
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used to formulate the natural gas pricing model. Section 5
develops the proposed mathematical model. Finally, Sections
6 and 7 present a numerical case study and the conclusions,
respectively.

2- Literature review:
2- 1- Review scheme:

At this point, based on the previous studies, we are
determined to separately identify clear evidence to further
corroborate the effects of weather temperature and income
on the natural gas pricing mechanism. Eventually, in the
last two parts of this section, we review the studies related
to mathematical models of natural gas pricing. Accordingly,
the systematic review strategy of PRISMA (Preferred
Reporting Items for Systematic Reviews and Meta-Analyses)
has been adopted to select and screen the relevant articles.
The two well-known scholarly databases, ScienceDirect and
Google Scholar, were searched for studies published before
September 2024 based on the eligibility criteria, including
weather temperature, natural gas price, income, natural gas
demand, and mathematical models of natural gas pricing.
Ultimately, the initial 361 selected research articles were
systematically screened to identify the 14 articles included
in this study. The research screening process is illustrated in
Figure 1.

2- 2- Origins and nature of weather temperature affecting
natural gas price:

Among all factors, weather information is widely
recognized as having an important effect on the natural gas
market [45]. Exploring the relationship between natural gas
prices, the energy stock market, and daily temperature has
attracted researchers and academics to comprehensively
model natural gas price volatility and its fluctuations. Hence,
there are many studies that exclusively discuss the significant
effect of weather temperature on natural gas prices [19—
21,29,33,46—54]. The major findings of these studies show that
natural gas prices and their volatility can be more explicitly
explained by weather temperature. Generally speaking, there
is a close relationship between weather temperature and
natural gas prices, which leads to volatility in the natural gas
market [45]. Weather temperature is also reported by the U.S.
Energy Information Administration [55] as a major demand-
side factor affecting natural gas prices. Cold and hot weather
significantly influence natural gas demand and supply, which
inherently cause changes in natural gas prices. Therefore, due
to weather variations, natural gas prices are highly volatile
[56].

2- 3- Role of end users’ income affecting natural gas price:
Urban natural gas demand is usually largely affected
by income in regions with low natural gas prices [44]. As
far as we know, end users’ income is still being used by
practitioners to formulate the well-known measure of income
elasticity. Income elasticity of demand, which describes
the responsiveness of the quantity of natural gas demanded
to changes in income, is often integrated with natural gas
prices to thoroughly investigate natural gas consumption
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Fig. 1. Flow chart diagram of article screening.

trends [44,57-60]. Consumers with higher incomes are more
inclined to consume more natural gas [44] than those with
lower incomes. Thus, pricing policies and other regulatory
strategies related to natural gas prices can be highly effective
in controlling natural gas consumption. Consumers in the
urban sector are sensitive to price; therefore, an increase in
the urban natural gas price will reduce final consumption
[44]. Moreover, residents’ price affordability [61] and income
have been investigated in several studies [61-64]. The main
finding of these studies is that residents with higher incomes
are willing to pay higher prices [65]. Specifically, the tiered
gas pricing (TGP) policy has been implemented nationwide
in the residential sector of China since January 2016. In other
words, tiered pricing may impose only limited constraints
on wealthy households. This concern may affect the
effectiveness of the tiered pricing policy. This phenomenon
can be defined as the income effect on tiered pricing [65]. In
general, the effect of income, as a major influencing factor,
cannot be ignored when investigating natural gas demand and
establishing natural gas prices.
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2- 4- Generally applicable natural gas pricing mathematical
models:

Prices play a crucial role in natural gas trade [56].
Natural gas, as one of the most important commodities in
the energy market, has been priced using two chief different
approaches. Direct regional market pricing (which will be
discussed in more detail in Section 2.4) is based on some
distinguished factors like oil price [16] and LNG, which
is known as a classical mechanism throughout the world,
and time series forecasting structures that usually include
specified parameters and determinants like temperature,
regional supply, demand, and storage capacity [24,66-68].
There are many extant and valuable mathematical models
adopting various techniques to systematically and precisely
address natural gas prices. The vector error correction model
(VECM') is a mathematical model that has been used widely

1. A Vector Error Correction Model (VECM) identifies and
characterizes the co-integrating relationship(s) between two
or more sets of time series data. The relationship is measured
in the level of each time series variable. For both crude oil
and natural gas, it also models the change in price for each as
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to analyze the long-run relationship between natural gas prices
and crude oil prices. VECM methodology has been deployed
to study the Henry Hub natural gas prices and global crude oil
prices in the US by Brown and Yiicel [67] and Ramberg and
Parsons [68]. One of the most beneficial features of VECM
methodology is the ability to simultaneously consider the
short-term influence of various factors, including the volume
of natural gas production and total gas imports, weather
variables (cooling degree days [CDD] and heating degree
days [HDD]), industrial growth rate, and the Henry Hub
natural gas prices [69]. Natural gas pricing in Europe (e.g.,
Turkey) is usually calculated by a direct regression model by
applying some main fuel alternatives and competing energy
prices such as Mazut or gas oil [70]. Yorucu and Bahramian
[71] modeled the natural gas price based on crude oil price
and taxation data for EU-12 countries including Austria,
France, Greece, the Netherlands, Spain, the UK, Denmark,
Czech Republic, Finland, Poland, Slovakia and Ireland.
They studied the cointegration relationship between natural
gas price, crude oil price, and taxation using Pedroni’s
cointegration model and a simple regression model. Acaravci
et al. [72] also analyzed the long-run equilibrium relationship
between natural gas prices and stock prices among the EU-
15 countries. They employed vector error correction (VEC)
modeling, Granger causality test,' and cointegration test to
estimate the interconnection perceived. An autoregressive
distributed lag modelling (ARDL) methodology has been
used to model imported natural gas prices to Turkey by
Yorucu [74]. This investigation showed that taxation and
exchange rates would be the two significant determinants
affecting the natural gas price imported to Turkey. In a recent
comprehensive study, Ribeiro et al. [75] studied about short
run relation between natural gas price and liquefied natural
gas (LNG) imports from Nigeria. They examined short-term
and long-term causal dependencies between natural gas price
and LNG imports from Nigeria, deploying a VAR-VECM
panel data model analysis for 34 spatial units from Europe
over 31 units of time representative of the period 2007-2022.
Ergen and Rizvanoghlu [76] investigated the volatility of
natural gas prices associated with natural gas futures contracts
traded on the New York Mercantile Exchange (NYMEX),
using augmented GARCH? methodology to check the impact
of storage level, time to maturity, and weather temperature.
They made use of time series price data of 155 contracts.
In another study, Ling, et al. [45] studied natural gas price
volatility against extreme weather indicators, including
wind speed, temperature, and precipitation information by

a function of past changes in the prices of both commodities.
This is done to capture the effects of long-lived shocks to the
price series [68].

1. The Granger causality test is a statistical hypothesis test for deterg
mining whether one time series is useful in forecasting another time
series [73] .

2. Generalized Auto Regressive Conditional Heteroskedasticity
(GARCH), the statistical model helps analyze time-series data where
the variance error is believed to be serially autocorrelated [77].
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extended GARCH-MIDAS-ES® model. They concluded that
the predictive model adding weather indicators can indeed
outperform the model without weather indicators [45]. Xu and
Lien [80] compared and evaluated different methodologies
of natural gas and crude oil price forecasting volatilities
established by GAS (Generalized Autoregressive Score),
GARCH, and EGARCH models. This study aims to technically
address the performance of GAS, GARCH, and EGARCH
mathematical models. Additionally, the vector autoregressive
model (VAR) has been applied to comprehensively study the
natural gas market in Germany by Nick and Thoenes [81].
Their results showed that the natural gas price is structurally
affected by temperature, storage, and supply shortfalls in the
short term, while the long-term development is closely tied
to both crude oil and coal prices [81]. Gao et al. [66] used
three categories of flexible time-varying parameter models to
better understand and assess the impacts of regional features
and structural instability on natural gas price forecasts in
three important natural gas markets of the US, EU, and Japan.
Their work profoundly determined the role of time variation
of data in variances for forecasting performance. In total, they
observed that models with Markov switching variance often
improve the forecast accuracy for the US market. For the
EU and Japanese markets, models with stochastic volatility
are generally the best models to forecast natural gas prices
[66]. In another study, Su et al. [82] decided to adopt the least
squares regression boosting (LSBoost*) algorithm as a new
machine learning approach to forecast the natural gas spot
prices of the Henry Hub market. Their results revealed that
the LSBoost algorithm has better performance compared
to linear regression, linear support vector machine (SVM?),
quadratic SVM, and cubic SVM. Alam et al., [86] investigated
thoroughly the price of natural gas along with the price of oil
and coal in India for two scenarios of pre-and post-COVID-19
pandemic using Autoregressive Integrated Moving Average
(ARIMA®), Simple Exponential Smoothing’, and K-Nearest
Neighbor® approaches. The outcome of their work clearly
showed that the Autoregressive Integrated Moving Average
technique would be suitable for predicting India’s oil, coal,
and natural gas prices. Having ended this paragraph and for
simplicity and a brief description at a glance, the mentioned
existing research on natural gas pricing mathematical models
are summarized in Table (1).

3. For more information about GARCH-MIDAS-ES methodology,
refer to [78,79].

4. For more information about least squares regression boosting, re-
fer to [83,84].

5. For more information about support vector machine, refer to [85].
6. ARIMA approach as one of the most popular forecasting models
presented by Box and Jenkins being used for mathematical analysis
that involve time-sequence datasets. For more information, refer to
[86].

7. SES is a prediction technique that uses past time-series data with
a horizontal approach rather than a seasonality or trend. SES uses
a single smoothing coefficient (alpha). For more information, refer
to [86].

8. For more information about K- Nearest Neighbor approach, refer
to [86].
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Table 1. The main existing literature discussing natural gas pricing mathematical models. (Continued)

Main findings/Highlighted

Factors

aspects

Authors/ Country/ Research Type of Period
Reference Regions scope mathematical model
Brown and Simple regression
Yiicel, 2008 U.S Industrial analysis/ Error- 1994-2006
[67] correction model
Ramberg and Vector error
Parsons, 2012 U.s Industrial . 1991-2010
[68] correction model
Gas .
[70] Turkey exportation Regression -
gzglrl ;11111?;1(1 EU-12 Internationall Pedroni's
2015 > i y traded gas  cointegration model 2001-2012
countries . .
price and Regression
[71]
Vector error
Acaravci et al., EU-15 Regional correction model,
2012 . natural gas  Granger causality test ~ 1990-2008
countries . . )
[72] prices and Cointegration
test
Yorucu, 2014 Gas Autoregressive 1988Q1-
[7 éi] Turkey importation distributed lag 201204
modelling (ARDL)
Vector autoregressive
Ribeiro et EU-34 LNG (VAR), Vector error 2007-2022
al.,2023 [75]  countries  importation correction model
(VECM)
gas futures
Ergen and contracts
Rizvanoghlu traded on the January 2001
2016 ’ U.S New Yo_rk GARCH methodology - November
[76] Mercantile 2013
Exchange

(NYMEX)

Crude oil price
, weather,
Seasonality,
natural gas
storage
conditions,
Disruptions in
natural gas
production

Crude ol price,
Typical
seasonality,
Unseasonably
cold or warm
weather, Shut-in
production due
to hurricanes,
storage levels

Mazot price or
Gas oil price

Crude oil price,
Taxation data

Stock prices

Taxation,
Exchange rates

LNG imports
from Nigeria

Storage level,
Time to
maturity, and
Weather
temperature

A continuum of prices at
which natural gas and
petroleum products are

substitutes

Despite large temporary
deviations, Natural gas prices
continue to exhibit
evidence of a cointegrating
relationship with crude oil
prices

Natural gas price is usually
indexed on
petroleum products

A significant
long-run relationship between
the prices of natural gas, crude

oil and taxation

Positive correlation between
an increase
in natural gas prices and
industrial production growth,
which in turn affects stock
returns.

The crude oil price does not
have any important
influence on natural gas
prices, while taxation and
exchange rates have a
significant effect on imported
natural gas prices

34 European countries' natural
gas market have been
analytically categorized in
short and long term
relationship due to LNG
imports from Nigeria.

Using the augmented GARCH
models, the storage-based
model performs better than the
weather-based model
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Table 1. The main existing literature discussing natural gas pricing mathematical models.

Weather
indicators
. natural gas including wind . .
L‘“g(’);tz al, US marketin  Extended GARCH-  January 1995 speed, E;‘fg‘;fe:v:fﬂl‘gn"I‘lzmal‘t‘z‘;
: New York  MIDAS-ES model  to July 2021 temperature, Explain natural g
[45] . price volatility
City and
Precipitation
information
China
market, Distinct
U.S . forecasting performance
Xu and Lien, market, GAS (General_lzed November Crude oil spot between GAS and GARCH-
2022 Russia natural gas Autoregressive 23,2009, to rice. natural e
[80] market market Score), GARCH, and  August 11, gas s£>0t price models for}::prude oil and
and EGARCH models 2020 natural gas across different
Canada horizons
market
. Temperature, . Nfitural
Nick and German . January gas price is affected by
Vector autoregressive storage and
Thoenes, 2014  Germany  natural gas (VAR) 2008 to June sunpl temperature, storage and
[81] market 2012 shgftrf)a{ls supply shortfalls in the short
term
Models with time-varying
covariance are crucial in
predicting the gas
prices across the three
markets,
Time-varying dynamics
governing
Autoregressive (AR) the AR coefficient, e.g., TVC,
model, Time-varying . does not seem to play an
Gao, et al., US.EU Regional parameters with 1992 - gsrfa:aamzs, important role in
2021 an(ll J’a an natural gas stochastic volatility 2019 rice I}a ang as improving forecasting
[66] P market (TVCSV) models, price, rige & accuracy for the price of
Markov switching P natural gas,
models (MS) Models that include heavy-
tailed distributions, e.g. t
innovations,
exhibit substantial
improvements over the
benchmark AR with
a constant volatility and
normal innovations
The LSBoost algorithm has
Henry Hub Least . January 2001 Historical price better performancF: compared
Suetal., 2019 squares regression to linear regression, linear
u.s natural gas . to December data of Henry .
[82] market boosting (LSBoost) 2017 Hub support vector machine
algorithm , quadratic , an
Igorith: SVM dratic SVM, and
cubic SVM
Inﬁ%ﬁiﬁ?;iﬁi Daily oil, coal, Autoregressive Integrated
Alam et al., Regional Ave rga ¢ (ARIM A% and natural gas Moving Average technique
ndia natural gas . . anuaj closing prices o would be suitable for
2023 Indi 1 Sim lf Ex onent1ai J. ry 2020 losing pri f 1d be suitable ft
[86] market smfo thinp K. o May 2022 the NIFTY 500 predicting India’s oil, coal,
Nearest I\%f,:ighbor Index and natural gas prices
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Integrated and combined usage of methods of natural
gas pricing has increased significantly in the past decades.
Recently, a growing body of research involving natural
gas pricing models has been dedicated to hybrid models
comprising classical mathematical methods (like ARIMA and
GARCH) and new complex machine-based methodologies,
including artificial neural networks, deep learning
algorithms, and Convolutional neural networks. Machine
learning algorithms have gradually become popular tools
for natural gas price forecasting [87]. In this regard, Saghi
and Rezaee [88] and Nguyen and Nabney [89] used various
combining forms of artificial neural networks (ANNSs),
support vector regression, and generalized autoregressive
conditional heteroscedasticity (GARCH) for natural gas
price forecasting. Pei et al., [90] presented a novel model
employing the temporal convolutional network (TCN') and
dynamic learning rate? for natural gas price forecasting for the
next two weekdays. Herrera et al., [92] provided a profound
comparison between traditional econometric methodologies
and machine-based learning techniques, which were applied
for natural gas and oil price prediction as well. Moreover,
there are many other studies [93-102] that have made use
of complicated hybrid models and various deep learning
methods® and different kinds of artificial neural networks for
making the natural gas forecasting system more accurate. The
fundamental goal of these techniques is to extract knowledge
from the noisy and chaotic nature of time-series data [104],
especially those relevant to natural gas prices.

2- 5- Regional applicable natural gas pricing mathematical
models

As aforementioned stated, in some regions of the world,
natural gas (particularly its liquefied form, namely LNG) sold
to domestic consumers or exported has been specifically and
directly priced based on some important substitutional fuels’
prices. This tricky issue is vital and inevitable, particularly
for countries that import fuels like LNG or crude oil. In
many parts of the world, the import price of natural gas has
historically been linked to the price of refined oil products
[105]. On the other hand, different natural gas markets
around the globe have their own geo-econometric rules due
to financial complexities and governmental interference [65]
associated with. Thus, prices and pricing mechanisms vary
across regions [106]. Contrary to north America natural gas

1. TCN is a relatively recent time series forecasting model that per-
forms exceptionally well while processing time series [91].

2. The dynamic learning rate setting further improves the model’s
predictive ability. The dynamic learning rate overcomes the problem
of the model failing to converge due to a high learning rate, and the
model easily falls into a locally optimal solution owing to a low
learning rate, allowing the model to identify the optimal solution
faster and with greater stability [90].

3. Deep-learning methods are representation-learning methods with
multiple levels of representation, obtained by composing simple but
non-linear modules that each transform the representation at one
level (starting with the raw input) into a representation at a higher,
slightly more abstract level. With the composition of enough such
transformations, very complex functions can be learned [103].
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market, which almost only deploys a gas-on-gas competition
strategy for natural gas pricing mechanisms, some European
gas prices and also the relatively more Asian natural gas
market are fundamentally linked to crude oil prices, known
as oil indexation strategy (Figure 2). Complementarily, [106]
reported that “U.S gas prices are set through gas-on-gas
competition in the Henry Hub, whereas European gas prices
are mixed-hub prices from the UK’s National Balancing
Point (NBP*) and the Dutch Title Transfer Facility (TTF?) as
well as indexation to oil prices. Gas prices in Asia are usually
indexed to the Japanese Customs-Cleared (JCC®) oil price,
the Brent oil price, or the official Indonesian Crude Price.
So, at this point, we are to revisit some simple applicable
regional formulas engaging the historical natural gas- crude
oil relationship.

The classical relationship between liquefied natural gas
and crude oil in the Japanese market can be mathematically
described as shown in linear formula (1).

Py = a+ BPicc + € ()

where P, stands for the import price for LNG in Japan
and P,.. would be the 6-month average price of JCC. The
constant & captivates the degree of risk aversion negotiated
and discussed between importers and exporters, meanwhile
the coefficient S determines sensitivity to oil prices [105]. Tt
would be notable to express that the coefficients of formula (1)
can be estimated using the ordinary least squares regression
method by applying past data.

The natural gas price in Russia has also strongly
dependent on the particular conditions relevant to each
contractual terms negotiated by importers and exporters for a
valid duration of specified period of time. Generally, Russian
natural gas pricing mathematical formula are traditionally and
structurally based on fuel oil and the gasoil futures free on
board (FOB) Mediterranean prices [108]. The more usually
accepted representation of Russian natural gas quarterly
clearing price is given by formula (2).

F Gt
Prys, = a + BPrys,_, 1/2(?2"' =

Gt—1

J+e @

NBP is the leading traded benchmark for natu-. 4
ral gas in Europe; even spot LNG trading is often
.[linked to the NBP price [108

5 .The Title Transfer Facility, which more commonly known as TTF,
is a virtual trading point for natural gas in the Netherlands and has
been set up by Gasunie in 2003. Gasunie is a natural gas company
located in Dutch. For more information refer to the site: https:/
www.gasunietransportservices.nl/en.

6 .The JCC is the average price of customs-cleared crude oil imports
into Japan and is published by the Petroleum Association of Japan
[109].
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Fig. 2. LNG pricing mechanisms were formed in three major markets.(Source: [107]).

where Py is the quarterly price of Russian natural
gas, & is a constant, F; is the price for fuel oil over
the last 6 months, G, is the average price of gas oil
over the last 6 months, and ¢, is the error term [105].
The coefficients in formula (2) are usually estimated by
regression techniques.

In North America, before the natural gas market
liberalization and at least short-term decoupling of natural
gas and oil prices [33,68,110,111] in the early 2000s, which
was fundamentally caused by seasonal factors—such as
inventory, weather, and supply shocks [106], the Henry Hub
natural gas price (P, ) and crude oil price (P, ) have been
linearly and traditionally formulated as shown in equation

Q).

Pyy =a+ PPy + ¢ 3)

As can be seen, there has been no single unified formula
established and used everywhere and every time in the three
major natural gas markets in the world. It mainly returns to
the inherent characteristics of natural gas markets, including
regional supply and demand levels, market structure, long-
and short-term pricing contract conditions, governmental
policies, and, importantly, other energy prices like oil and
gasoil.
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3- Research gap

Taking a brief but concise look at the previous studies,
it can be observed that there are very few investigations
examining the direct and comprehensive influence of income
on natural gas pricing mechanisms. Besides, the effect of
weather temperature has mostly been applied to specifically
and directly explain natural gas demand behavior, which
is commonly known as the seasonality effect in the natural
gas market. Additionally, weather temperature, alongside
other factors such as crude oil prices and storage levels, has
usually been employed to forecast natural gas prices on a
daily or monthly basis. Consequently, in the present study, we
strategically reconstruct the natural gas pricing mechanism for
the residential sector by exclusively considering the effects of
weather temperature, demand, and income variables in such
a way as to indirectly manage natural gas consumption to
some extent. On the other hand, in our research, it has been
decided to dynamically define natural gas prices as a function
of weather temperature and natural gas demand for different
levels of end users’ average income.

4- The proposed strategies and research methodologies
In this study, we are going to establish different forms
of natural gas pricing mechanisms using curvature-based
mathematical formulas. Applying curvature equations will
automatically giveustheflexibility toobtainversatilenatural
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gas pricing formulas through different reconfigurations of
the required parameters. More importantly, our proposed
strategies and initial assumptions, which are intended to
define natural gas prices, can also be easily incorporated
by applying curvature formulas. It should be noted that the
proposed strategies are represented in this investigation by
differential mathematical forms. Furthermore, it should also
be mentioned that the two-dimensional curvature formula
and the Gaussian curvature equation are specifically used
in this research for two distinct scenarios. Simply stated,
Scenario One describes natural gas prices in terms of
weather temperature, whereas Scenario Two describes
natural gas prices in terms of weather temperature and
demand. The strategies and methodologies used in the
present research are described in detail in the following
two scenarios.

4- 1- Scenario one
4- 1- 1- Strategies implied

Based on our review, the most influential macroeconomic
factors and the most effective uncertainties driving the
natural gas price are depicted in Figure (3), and for the
present study, we focus on two fundamental factors,
including weather temperature and income from the demand
side, affecting the natural gas price. Furthermore, as
previously stated in the literature part, weather temperature
usually causes in increasing of natural gas consumption
(COVARIANCE(weather  temperature, — natural  gas
consumption)<0), which finally results in higher prices
set by natural gas companies (COVARIANCE (natural
gas consumption, natural gas price)>0), especially for the
residential sector. So in this work, we are determined to
strategically relate the higher price being paid by residential
end users to weather temperature as being got colder. This
strategy is intentionally taken into account to financially
manage the consumption of natural gas. Thus, first of all, we
mathematically consider the non-linear inverse relationship
between natural gas price and weather temperature to apply
the proposed strategy. Secondly, it should be noted that there
are other important surreptitious assumptions used to build
the research’s mathematical model and also for approximately
rationalizing the natural gas consumption. The assumptions
are as follows:

Assumption 1:

“ Residential end users who have higher income tend to
consume more natural gas. (COVARIANCE (income, natural
gas consumption)>0)”

Assumption 2:

“Residential end users who have higher income
affordability, tends to pay higher price. (COVARIANCE
(income, price)>0)”

For simplicity and being better perceived, the casual loop
diagram of our study’s factors are drawn in figure (4).
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Fig. 3. Schematic layout of the most influential and
predominant factors affecting the natural gas price
mechanism.
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Fig. 4. The causal loop diagram of our study’s factors.

4- 1- 2- Methodology

Differential equations are one of the most commonly
used mathematical tool which has been adopted to analyze
the different features of a system being modeled. When
mathematical modeling is used to describe physical, biological,
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or chemical phenomena, one of the most common results
is either a differential equation or a system of differential
equations, together with appropriate boundary and initial
conditions [112]. For applying the proposed strategy and the
non-linear structure between natural gas price and weather
temperature, we distinguishably appoint the second order
differential equation and particularly the curvature formula to
graphically model the non-linear relationship. Accordingly, we
show the inverse relationship between natural gas price (P,)

and weather temperature (wt) by dF, <0 . The non-linearity
d

wt

2
would also be considered by LPZ > 0. In aggregate, these
dwt

two conditions of 9F. <o and LP(Z > (> really does provide
dwt dwt

the downward convexity of our proposed mathematical

formula. Afterward, these mentioned derivational

conditions are forced into the curvature equation (formula

4) to generally calculate natural gas price formula against

weather temperature.

d?P.
2
dwt k>0

(1 + [gﬁct] 2 ) " :

4- 2- Scenario two
4- 2- 1- Strategies implied

The strategies devoted to scenario two are so similar to
those appointed to scenario one. But distinguishably, we
consider the following strategies separately to control the
natural gas price.

k =

1. COVARIANCE(weather temperature, natural gas
price)<0.
2. COVARIANCE (demand, natural gas price)>0.

Hence in this strategy, It has been decided to reach
to an explicit mathematical form of natural gas price= f
(weather temperature, demand). In more detail, we are
going to construct a non-linear formula which describes the
inverse relationship between natural gas price and weather
temperature while shows the direct relationship between
natural gas price and demand simultaneously.

4- 2- 2- Methodology

To apply the proposed strategy and the non-linear
structure between natural gas price (P ), weather temperature
(wt), and natural gas demand (D), we specifically adopt the
second-order partial differential equation and particularly
the Gaussian curvature formula to graphically model the
non-linear relationship. Accordingly, we show the inverse
relationship between naEural %as price (P.) and weather
temperature (wt) by £ (wt, <0 . Additionally, the direct
relationship between natuf4y gas price and demand is depicted
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by O (wt,D)
oD

> 0. Furthermore, the equation’s non-linearity

&*P.(wt,D) &P, (wt,D)
owt* ~ oD?

In aggregate, these three conditions of M <0
owt

would also be considered by > 0.

,8Pc (wt,D)>0 and O°P.(wt,D) O°P.(wt,D)
oD owt>  aD?
provide the upward convexity of our proposed mathematical
formula. Afterward, these mentioned derivational conditions
are forced into the Gaussian curvature equation (formula 5)
to generally calculate the natural gas price formula against

weather temperature and demand.

> o really do

92P.(wt,D) 9?P,(wt,D) _ (ach(wt,D))z
2 . 2
= —owt aDZ aWt'af = k>0 (s
(1 _I_((?PC(Wt,D)) _I_(aPc(avlv)t,D)) )

dwt

Having the aforementioned strategies accompanied to the
mathematical equation of Gaussian curvature formula, we
ultimately conclude the equation (6) shown below. We call it
the Gaussian- Curvature strategic natural gas pricing (GES-
NGP) formula from now on in this paper. (See Appendix 1)

aU(t,¢)
tl. —-D +C2
de
k. 2 - 512 - t12 + 1

ll \—sl. [_aU(gtt, £) wt + cl]

+(F)?-21=0

2

|
I )

Jk,t,s1>0,1>» F?

5- Proposed mathematical models addressing to each
strategies dedicated to two scenarios
5- 1- Proposed mathematical models relevant to scenario one
5- 1- 1- Basic mathematical form for scenario one

Before we start off this section, we need to make it clear
that the differential equation structured in this paper would
be categorized into the class of boundary value problems.
Consequently, to accomplish the proposed mathematical
model in this research and to solve the differential equation
achieved by the curvature formula, first of all we need
to have in hand the initial conditions of natural gas price
against a predetermined weather temperature, together with
the desired negative percent of sl%e of the price-weather
temperature curve (namely the —< ). For the present
study, we deliberately restrict the ﬂ@’gative percent of slope
corresponding to each point of weather temperature to be
lower than 0 and greater than -0.1. Besides, it should be
indicated here that we consider the value of price, which
is devoted to the upper limit of weather temperature (of a
typical geographical region), as the initial value expressed by
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experts or policy makers to solve the differential equation.
Having these conditions forcefully and certainly guarantees
the declining form of the price-weather temperature form.

Ultimately, by applying the strategy and methodology
which have been designated to making the differential
equation (See Appendix 2), we simply obtain the following
reference differential equation (7).

/ dZPC 2/3 \0-5

dP, p)
I dwt —1 |
dwt \ k /
The output of formula (7) would result the natural gas price

(P) equation (formula 8) in terms of weather temperature
(wt) and the scale value of curvature (k).

=0

P, = f(k,wt) (3)

Until now, the natural gas price has been constructed using
weather temperature. Continually, as stated before, we are
to reconfigure formula (8) using the income variable. Thus,
the following formula (9) is proposed to relate the income
variable to curvature k.

1
k = f(income, 0) = 3 1

100,
6= {1000,

10000,

ool
In(income)] ’
a < income
B <income < «a
income < f

)

Where € is the correction coefficient, & would be the
average income, which is considered as rather high income
and [ is also the average income which is seen as rather
low income.

5- 1- 2- Modified mathematical form for scenario one:

In this point, we intend to modify formula (9) by
substituting the variable income with its equivalent
mathematical form, which is derived from the definition of
income elasticity of demand. Income elasticity of demand is
usually mathematically calculated by

d (DV
D _ D
E,'ncomy - d (incam ey :
income

Thus, formula (9) would be rewritten as shown in formula (10).

1
pF » (10)
p.dincome /dD)

1
k=f(D,9)=51—1 (ED
n h

tmcome*

43

100, & <D
9 =1{1000, p<D<da
10000, D <p

Where @ is the. correction coefficient; D stands for
natural gas demand, « (incubic meter) would be the natural
gas demand which is considered as rather high demand, and
B(incubic meter) is also the natural gas demand which is
believed to be rather low demand. Meanwhile at this section,
it is so worthy to mention that the income elasticity of demand
(E ,-fmme ) and the expression dincom%D (showing the first
derivation of the income equation in terms of the demand
factor) are assumed to be positive numbers for this study.
To graphically illustrate, empirically verify, and support this
assumption, we depict the graph of monthly average income-
average natural gas demand data (Figure (5)). Data taken for
1980-2023 for Iran were used in the analysis. Using a curve-
fitting tool (in MATLAB software), equation (11) with an
R-squared of 0.875 is appropriately fitted to the data.

income = 2.319 exp(0.003455D), (11)

As it can be derived from formula (11), d(mcome%)
would be numerically positive almost everywhere and
therefore, for positive values of natural gas demand and
income, the F tfcome would also be a non-negative number
as well.

5- 2- Proposed mathematical models relevant to scenario two
5- 2- 1- Basic form for scenario two

Using the Gaussian-Curvature strategic natural gas
pricing (GES-NGP) formula (6) and solving it mathematically,
we appropriately achieve the following basic parametric
equation (12) relevant to the second scenario. (The proof is
given in Appendix 1.)

t12+512_1
1
A —F?)2
1 +[ K ]
PC(Wt,D)=rt1 tl'CZ_Sl'Cl_f)
D.t D.t\? 1
1 Wt+( 1) wt. (12)
51 51 lal. vV

. exp (— (§)2> .In(wt)

t\3 1
o () et
51 la]. a?.vm

on(-(2) )am

Where ¢,,s,,4 >0 , ais a very small number close to zero.

+c3,
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Fig. 5. Monthly income- natural gas demand graph.

N
eSet up the parametersof: t,,s,, L, F,a
ot, >0, 5,50, 2>0, 2>F?%, a is a very small number closing to zero

J

N
eConfigure the formula (9) and set up O related to income selected

J
eEvaluate parameters of [c, , ¢,, C;] by using the three initial conditions given by experts and listed below: )
e P(wt,, D,)=P,, P(wt,, D,)=P, ,P(wt;, D;)=P; , wt stands for weather tempertature is in Kelvin , D stand

for demand in cubic meter )

N
eSubstitute [c, , c,, ¢;] in formula of (12) to yield the ultimate natural gas pricing equation

J

€€

Fig. 6. The algorithm of using and configuring formula (12).

F would be free in sign and ¢,,c,,c, are constant numbers.
Other symbols are previously defined in the context.

In this point, the algorithm corresponding to how to
configure the parametric formula (12) to get the final equation
of natural gas price (P, (wt,D)) is depicted step by step in
Figure 6.

6- Case study:
6- 1- Case study for scenario one:
6- 1- 1- Case study for based form:

In this section, a case study is given to depict the natural
gas price-weather temperature curve along with presenting
the non-linear formula. In this regard, we have the following
initial conditions.
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dP; 0n) =
e =(D(P))(50°¢) = -0.005,
P. (50°c) = 0.098 $/Giga joule

So, by reference to the differential equation (formula 7)
and using Maple software v.2016, we have the following
equation.

L sgp——L -
Pe(wi) = i [ 50 & 20001 40001 + kwi 1]
| _ (13)
1
- — 1
x( S0&— ooV 40001 + kwt + ]
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Fig. 7. Natural gas- weather temperature curve.
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In this step, we typically arrange the conditions associated
with reference formula (9) as shown below to reconfigure
equation (13).

100, 3000 $ < income
6 =41000, 1000$ < income < 3000 , (14)
10000 , income < 1000 $

As an example, for income= 3500 $, we get reach to the
k= 0.0087746 and the following curve related (figure (7)).

For income= 2000 $, we obtain the k= 0.00086844 and
the following curve related (figure (8)).

At last, for income= 700 $, we obtain the k= 0.000084735
and the following related curve (Figure 9).

6- 1- 2- Case study for modified form

Having in hand the initial conditions considered for the
previous case study and switching to formula (10) to calculate
the curvature k, we set the following parameters of reference
formula (10) as shown below.

100, 1500CM <D
6 =41000, 500CM <D <1500 €M, (15)
10000, D <500 CM
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As an example, for D= 3000 CM, we get reach the k=
0.00919 and the following curve (Figure 10).

For D= 1000 CM, we obtain the k= 0.0007654 and the
following curve related (figure (11)).

And finally, for D= 500 $, we obtain the k= 0.00004572
and the following related curve (Figure 12).

6- 2- Case study for scenario two:

In this section, it has been tried to test the mathematical
model formulated in scenario two using the algorithm
described already in Figure (6). Additionally, it should
be noted that all the related mathematical calculations and
outputs have been done in Maple software v.2016. Moreover,
it is worthy to be mentioned that all the mandatory and
configuration parameters are shown in the figures’ captions.

6- 2- 1- Discussions for scenario two:

Considering the main constructed formula (12), we are
now going to make some modified forms of it by substituting
the parameters F, A, and a with some mathematical
expressions including fundamental variables of (wt, D).
This is intentionally done to decrease the number of input
configuring parameters to gain final natural gas price
equation.

Thus for the first modification, we replace F with the
expression of exp(—(wt D)l/2 . Moreover, because of 4 >F ?
, It has been decided to have A=a. exp(—Z,(wt D )”2 for
a>1_So, there is a typical graph shown below for this
modification.

For the second modification, we replace F with the
expression of vﬁ Moreover, because of A>F? | It has
been decided to have 4 =«a. ZDSj for a >1. So, there is

a sample graph shown below for this modification.
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Fig. 9. Natural gas- weather temperature curve.

Forthe third modification, we replace F with the expression
of exp(—(wt.D )w) and also we substitute parameter a with
the expression of D Moreover, because of A >F? , It
has been decided to have 1=g. exp(—2.(wt.D )7 for a>1
. So, there would be a typical graph shown below for this

modification.
And now for the fourth modification, we are determined
to examine formula (12) due to the change of variable a which
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inherently is a very small number close to zero. So, the terms
of !

J;"UDU e ;J;p[m} wouldbe

very nearly limited to zero while the absolute value of a goes
down rapidly (and not equally) to zero. This issue is clearly
apparent in figures (22,23) below.

Consequently, formula (12) can be mathematically
shortened to formula (16).
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Fig. 10. Natural gas- weather temperature curve.
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Fig. 11. Natural gas- weather temperature curve.
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Fig. 12. Natural gas- weather temperature curve.

Fig. 13. Natural gas price graph for income = 4000 $

configured by t1=2, s1=1, A=7.114, F=0.042 , a=0.0001,

k= 0.0088, P1(258.15, 800)= 3 $, P2(273.15, 560)= 2.4 §,
P3(283.15,300)= 1.4 S.

Fig. 14. Natural gas price graph for income = 4000 $ con-

figured by t1=22, s1=55, 2=89, F=7 , a=0.001, k= 0.0088,

P1(258.15, 800)= 3 $, P2(273.15, 560)= 2.2 $, P3(283.15,
300)=1.4 8.

aoe ©

Fig. 15. Natural gas price graph for income = 4000 $ Fig. 16. Natural gas price graph for income = 700 $

configured by t1=2, s1=1, A=7.114, F=0.042 , a=0.0001, configured by t1=2, s1=1, A=7.114, F=2 , a=0.0001, k=

k= 0.0088, P1(258.15, 800)=3 $, P2(273.15, 560)= 2.4 §, 0.000084735, P1(258.15, 800)= 3.7 $, P2(273.15, 560)=
P3(283.15,300)=1.4 $. 298, P3(283.15,300)=1.8S.
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Fig. 17. Natural gas price graph for income = 700 $

configured by t1=2, s1=1, 2=7.114, F=2 , a=0.0001, k=

0.000084735, P1(265.15, 800)= 3.2 $, P2(283.15, 560)=
2.3 8, P3(293.15,300)=1.4 $.

Fig. 19. Natural gas price graph for income = 3500 $

configured by t1=22, s1=51, a=0.00001,0=2, k= 0.00877,

P1(265.15,800)=2.8 $, P2(283.15,560)=1.9 $, P3(293.15,
300)=1.2 8.

ol
280 55 T e _m?uﬂ o
wWi

Fig. 21. Natural gas price graph for income = 3500 $
configured by t1=22, s1=51, =2, k= 0.00877, P1(265.15,
800)=2 $, P2(283.15,560)=1.3 §, P3(293.15,300)=0.8 $.
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Fig. 18. Natural gas price graph for income = 3500 $

configured by t1=2, s1=1, A=7.114, F=2 , a=0.0001, k=

0.00877, P1(265.15, 3500)= 2.8 $, P2(283.15, 3100)= 2.4
$, P3(293.15,2700)=2 $.

Fig. 20. Natural gas price graph for income = 3500 $

configured by t1=2, s1=5, a=0.0001,0=5, k= 0.00877,

P1(265.15,800)=3.2 $, P2(283.15,560)=2.4 $, P3(293.15,
300)=1.438.
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Fig. 21. Natural gas price graph for income = 3500 $
configured by t1=22, s1=51, a=2, k= 0.00877, P1(265.15,
800)=2 $, P2(283.15,560)=1.3 $, P3(293.15,300)=0.8 $.
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Wt'm'eXp <_ (E) )+ €. wt ) Fig. 24. Natural gas price graph for income = 4000 $
configured by t1=22, s1=31, A=44555888, F=31 , k=
+c3 F(wt, D) 0.0088, P1(258.15, 900)= 3.7 $, P2(279.15, 590)= 2.8 $,

P3(291.15, 380)=1.9 §.

1\
— F272
( <tlz+slz_1+[ﬂ kF})

| tI'CZ _51-61 -

1
D.t; 2 7. Sensitivi o .
- Sensitivity analysis with respect to k values:
k In this section, we analyze the sensitivity of P, (wz,D)
’ with respect to k using the first derivative approach and
provide a thorough interpretation. Thus, for simplicity
of calculations, at first we recall and rewrite the gas price
formula as shown below.

D.t; 5
.(S—.wt+cl.wt)+c3, A> F#,
1

At last the case study provided for formula (16) are
graphically represented by figure (24).
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P.(wt,D) =

t12+512_1
1
A—F?

A\

(17)

Nk

tl' Cz - Sl'

D.t;
.Gwt,D) +¢3 ,
Where:

D.t D.t;\?
1.Wt+( 1)
S S1
. 1 ( <D>2>
WCL. . ex —|—
lal. v P a

3
G(wt,D) = In(wt) + D4.<t—1> )
S1

2
.wt.m. exp <— (g) )

+c.wt

(18)

1
So only one term of [’:FZT in (17) depend on £.

1
The derivative of [ﬂ—F ’ T with respect to  is:
k

21

A— F2)2

d[ z ]
dk

_ A= P22 (19)

)

3
2k2

Plugging equation (19) back into the derivative of
P.(wt,D), we would have:

1

dP.(wt,D) 1 1 [A—F22

(weD) 1 11 3].G(wt,D)=

dk D2 2

1 (20)

[A—F?]2
S Gwt,D),
4D.t k2

For G (wt,D) which is always positive under normal
operating conditions (positive demand and temperature) and
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also for conditions of D#, >0,k>0and A—F> >0, we

dP.(wt,D)

have > 0. This means that an increase in & leads to

an increagf]:C in the gas price, but the relationship is strongly
nonlinear due to the £(-3/2) term.

Consequently, based on formula (20), some important
mathematical interpretations are gained as follows:

1. Nonlinear amplification at small &

* The k¥ factor implies that when & is small, the sensitivity
is very high.

* Small changes in & under low-k conditions can lead to
large changes in P, (wt,D )

» This is particularly important for risk management in
markets with high volatility or uncertainty in k.

2. Diminishing effect for large

e As k increases, the k2 factor decreases rapidly. This
means price becomes less sensitive to changes in k as &
grows. In other words, beyond a certain level of &, further
improvements (or worsening) in k have smaller impacts
on gas price.

3. Interaction with wt and D

+ Sensitivity is proportional to G (wt,D) , which increases
with both wt (temperature) and D (demand). Therefore,
high demand or extreme temperature conditions amplify
the impact of k on gas price.

* Economically, this reflects the fact that in periods of
high demand or extreme weather, market adjustments
(captured by k) have stronger effects on pricing.

4. Economic interpretation of k&

o If k represents the natural gas market efficiency,
adjustment speed, or a structural factor affecting supply-
demand equilibrium, then:

Low k would result that market is more fragile, price
reacts strongly.
High & would result that market is more stable, price
reacts less.
So the derivative shows that uncertainty in £ is critical
for volatility assessment.

5. Risk management implication

wt,D)

* Byanalyzing % , we can identify critical regions

of k where price sensitivity is extreme.

* Policy makers, traders, or risk managers can prioritize
monitoring k and hedging strategies when & is low or
moderate.

At this point, it has been decided to extend the sensitivity
analysis to “relative sensitivity”, which is also called elasticity
of P, (wt,D) with respect to k. This measures the percentage
change in P, (wt,D) for a 1% change in k. The relative
sensitivity of P, (w¢,D) with respect to & is defined as:
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k dP.(wt,D)

Sp. k= , 21
Pek = p (wt,D)  dk @
1
. o [A-F]
So, from our previous derivation given by —G (wt,D),
4D 1 k?
the relative sensitivity becomes as:
1
S k__A-F G(wt, D)
= . wt, =
T RWED) 4p s
1 ot (22)
[A—F?]2 G(wt,D)
T- ’
ap.tkz Fe(wt.D)

Therefore, based on formula (22), some significant
mathematical interpretations are gained as follows:

1. Nonlinear inverse relationship with &

o The factor k"(-1/2) shows that relative sensitivity
decreases with increasing k.

* Low k would result that small structural efficiency or
high market friction, which then shows price is highly
sensitive.

» High & would result in market stabilization, which then
shows percentage change in price per unit change in &
diminishes.

D
2. Dependence on M
E(wt,D)
. .. Gwt,D) :
e The relative effect also scales with ———-, which
R(wt,D)

depends on temperature and demand.

* During periods of high demand or extreme temperature,
the same percentage change in & leads to larger percentage
changes in price.

3. Practical significance

+ Relative sensitivity is more intuitive for economic
decisions than absolute sensitivity. As an example: if
SPE’k = 0.2, a 10% increase in k leads to a 2% increase
in price. This helps traders, policy makers, and analysts
to quantify the impact of changes in structural or market
parameters.

4. Risk and policy implications
+ Monitoring k becomes critical when p.x is high (low
k and/or high (wz, D)) to avoid large unexpected price
swings.
+ Elasticity analysis allows dynamic hedging: if the market
is in a sensitive regime, risk management strategies can be
adjusted proportionally.

7- 1- Benchmark comparison with existing natural gas
pricing models:
Although numerous mathematical models have been
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proposed for natural gas pricing and forecasting, their
objectives and methodological structures differ considerably
from the present study. Most existing approaches,
including Vector Error Correction Models (VECM), Vector
Autoregressive (VAR) models, Autoregressive Distributed
Lag (ARDL), GARCH-family models, ARIMA models, and
recent machine-learning and deep-learning techniques, have
primarily been developed to forecast natural gas prices from
historical market data or to investigate price volatility and
market dynamics. These methods generally rely on time-series
observations and emphasize statistical prediction accuracy.
In contrast, the proposed Gaussian—Curvature Strategic
Natural Gas Pricing (GES-NGP) model is not intended
as a forecasting algorithm but rather as a strategic pricing
framework for residential natural gas markets. The proposed
model directly incorporates three fundamental demand-
side determinants—weather temperature, residential natural
gas demand, and consumers’ average income—within a
nonlinear curvature-based mathematical formulation. Unlike
conventional econometric and machine-learning models,
the proposed framework enables policymakers to explicitly
control pricing behavior through configurable mathematical
parameters while preserving the nonlinear relationship
among the governing variables. Another important distinction
is the flexibility of the proposed curvature formulation. The
curvature coefficient can be reconfigured using additional
socioeconomic or market-related variables, allowing the
pricing model to be extended for different regulatory
environments and policy objectives. Consequently, the
proposed framework provides a mathematically transparent
and adaptable pricing mechanism rather than solely improving
statistical forecasting performance.

Overall, compared with existing pricing and forecasting
models, the proposed GES-NGP framework offers four
principal contributions:

simultaneous integration of weather temperature,
residential demand, and consumers’ average income within a
unified nonlinear pricing equation;

a curvature-based mathematical structure capable of
representing nonlinear pricing behavior;

flexible incorporation of additional policy or market
variables through parameter reconfiguration; and

a strategic pricing methodology specifically designed for
residential tariff design rather than short-term market price
prediction.

These characteristics distinguish the proposed model from
existing econometric models (see Table 2) and demonstrate
its potential value as a complementary decision-support tool
for natural gas pricing policy.

8- Conclusion and Future Research:

In this research, we have presented a mathematical model
for natural gas pricing designed for the regional residential
sector. Daily weather temperature, together with final
demand, represents one of the fundamental uncertainties
associated with determining natural gas prices by firms and
gas companies around the world. Hence, weather temperature
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Table 2. The main advantages of the proposed model considering other existing models.

Advantage of Proposed GES-

Method Main Objective Main Variables Main Limitation NGP
VECM Long—mn price Oil price, gas price Historical data Incorporzfltes poh'cy-based
relationship dependent nonlinear pricing
VAR Market mteractlon Temperature, Mainly forecasting Direct strateglf: pricing
analysis storage, supply formulation
Price volatility Historical prices, Focuses on T .
GARCH modelling weather volatility only Explicit pricing equation
ARIMA Tlme-sepes Historical prices Linear statistical Nonlinear cuyvature
forecasting approach formulation
LSBoost / ANN . L . . Transparent mathematical
/ Deep Learning Price prediction Large datasets Low interpretability model
. Configurable . . .
Proposed GES- Strategic Temperature, . Flexible, interpretable, policy-
. . .. . mathematical . . .
NGP residential pricing demand, income framework oriented pricing model

and demand, as the two most important factors affecting
the natural gas market, have been selected to formulate the
proposed pricing models.

Due to the nonlinear nature of natural gas pricing
behavior with respect to weather temperature and natural
gas demand, differential equations have been employed
as a flexible mathematical approach to construct the
pricing model in terms of weather temperature and natural
gas demand under two different scenarios. Therefore, a
curvature-based formula has been adopted in the present
study. By using the curvature formula as a mathematical
approach, natural gas prices can be strategically managed
for different levels of income and demand simultaneously
under two predefined scenarios.

Moreover, it should be noted that the main assumption
of this study is that charging higher natural gas prices when
weather temperature decreases can, to some extent, control
natural gas consumption in the residential sector. The
proposed approach can be flexibly utilized by policymakers
and strategists who are interested in adjusting natural gas
prices while considering weather temperature, residential end
users’ average income, and demand simultaneously.

The fundamental contribution of the present study lies
in the use of the curvature formula, which provides the
flexibility to incorporate different applicable strategies
into the pricing mechanism. More importantly, the main
innovation of this work is that the natural gas pricing model
has been reconfigured in such an adaptable manner that
policymakers can incorporate other influential parameters,
such as the natural gas market risk parameter (k), to derive
alternative mathematical pricing equations.

For future research, it is suggested to conduct similar
investigations by considering weather temperature together
with other influential variables, such as GDP (Gross Domestic

Product), taxation, and the prices of other energy sources.
Furthermore, the mathematical methodology employed
in this study is based on deterministic values. Therefore,
future studies may consider fuzzy numbers as an alternative
computational approach.

Additionally, for the natural gas pricing model presented
in Scenario Two, three mathematical suggestions are proposed
for future investigations.

ou(t,¢)

1. For u(z,¢) calculate ua then apply it to the
&

g OP.(wt.D) _0U(t.¢)
oD os
equation of P (wt, D). (See formula (33) in Appendix 1)

equation o D +¢, to obtain the final

2. By the Legendre assumption of

u(t,e)=wis+D.e-P, (wt,D), oF. éwi’D) =t ,6PC ([ﬂth’D) =¢
w

solve equation (11) in the Appendix.
3. Suppose the following mathematical forms of parameter
F for more discussions.

172

a) F=(wz‘2+D2+wz‘.D)_1 , b)F:eXp{—(wt2+D2+wt.D) b,
1
(vvtz-~-D2-i—th)l/2

c) F=
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Appendix 1:
The mathematical proof of formula (12) is given below step by step.

Consider the Gaussian curvature formula as follows:

0%P.(wt,D) 9?P.(wt,D) _ (BZPC( Wt,D)) >
2 . 2
owt oD owt.dD k>0 (1)

(1 + (apcgv‘/‘;?D))z + (aPC(aVBt,D)>2 )2

So the Gaussian curvature k can be rewritten as shown below:

(1 <6PC(Wt,D))2+<6PC(W1:,D)>2 2_62PC(Wt,D) 92P.(wt,D) [92P.(wt,D)\° ,
A\ T o aD T T owiz D2 aweop ) '@

Thus:

Vi <1 N (6Pc( wt,D))Z N (apc( Wt,D)>2 )

owt 15)))]
1/2
(+ 02P,(wt, D) 9*P(wt,D) (8%R,(wt,D)\"
owtz dD2 owt.dD

, 3

92P.(wt,D) 92P.(wt,D) [d%P.(wt, D)\’
\ owtz  9DZ dwt. D

We deliberately choose the positive form on the right-hand side of the above equation for further
operations.

/i (1 N (apc( wt,D))z N (6Pc(wt,D))2 )

owt oD
1/2
_+(62Pc(wt.D) aZPc(wt,m_<62Pc(wt,D))2> @

- awtz D2 awt. oD

For the supposed strategies taken for scenario two, we can rewrite them as follows:

0R(wt,D) _  0R(wtD)

owt owt 51=0, 5120, ®)

OR(Wt,D) - OR(wtD)

= ty >0, (6
aD i t, =0, 1 (6)

Now , these two strategies would be mathematically integrated same as below:

(E)Pc(wt,D) +51>2 C0 o ((’)Pc(wt,D))Z , dP.(wt, D)

.Sq. 2=0,(7
owt owt 51 owt ts (7)
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dP.(wt, D) z dP.(wt, D)\* oP,(wt,D) .,
Consequently:
dP.(wt, D)\? OP.(wt,D) =, (8P.(wt,D)\? oP.(wt,D) =,
<—6Wt ) 'Sl'—awt +s5.° 4+ (—aD ) — 2.t1.—aD +t,°=0,(09

By adding 1 to each side of equation (9) and rewriting it, we would have:

0P.(wt,D 0P.(wt,D
L(wD) . 9R(wt,D)

2 2
owt ! oD 1 tl ’( )

- <6PC(Wt,D)>2 N (E)PC(Wt,D)

2
—1-2.5,.
owt oD ) 51

Substituting the right-hand side of equation (10) in (4), It will result in:

Vi owtz  9DZ? owt.dD owt LEFY))

1/2
1 [ 8%P.(wt,D) 92P.(wt,D) (62Pc(wt,D)>2 / dP.(wt,D)  dP.(wt,D)
. - + 2 (51. -t )
vk

+Slz+t12_1=0, (11)

Equation (11) is a non-linear second-order partial differential equation, which is typically a form of the
generally known Monge-Ampere equation. At this point, it will be tried to solve it using the assumptions
listed below:

d2P.(wt,D) 0%P.(wt, D)

For w2 and 302 ,there would be two first order partail dif ferential equations like
oU(t,e) au(t,e) ]
5% and respectively so that:
0°P.(wt,D) dU(t,¢) 0°P.(wt,D) 9U(t,¢) 12
owtz ot apz  9e (12)
And also we assume that:
d%P.(wt, D)
owt.aD "’ (13)
Thus, by integrating equation (12), we would have:
dP.(wt,D) 0U(t,e) P (wt,D) 0U(t,¢)
Wi =7 wt+cq, 3D i .D+c,, (14)
0%P.(wt,D) 9?P.(wt,D)
owt? oD? ,
oU(t, €) oU(t, )
=k.[2<t1.[ ag .D+C2]_Sl.[ at .Wt+C1 _512_t12+1
+(F)?, (15)
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9%pP,(wt,D) 98%P.(wt,D)
owtz ' oD2

For the strategy being assumed as > 0, we therefore can rewrite it to be shown

as an equation as follows:

0%P.(wt,D) 9%P.(wt,D)
owtz 0D?2

=0, A>0, (16)

Considering equations (15) and (16), it clearly results in equation (17), which we name the Gaussian-
Curvature strategic pricing formula:

2
k. [ 2 (tl. [aU(g’;' 9 py cZ] s, [E’Ug;' 2 e + q]) —s? b2+ 1] +(F)2—2=0,(17)

Asa consequence:

{+ [’1 — FT/Z

U (t,€) U (t,€) k
2<tl.[ £ .D+c2]—sl.[ T Wt + ¢y —512—t12+1={ 21— F2 1/2
N

We pick up the positive form of the right-hand side of equation (18) and continue for further
mathematical calculations as follows.

(18)

By assuming ¢t = x, & =t and rewriting equation (18), we obtain:

1/2

2 2 1 A_FZ
U (x,t) U (x,t) S17+ 67 =14
tl' at .D Co| — S1- T.Wt‘}‘cl = 2 )

(19)

Using the Laplace transformation and its mathematical characteristics, we would get access to:

D.t1. L(Up(x, 1)) + L(ty.¢2) — s1.wt. L(Ur(x, ) ) — L(s1.¢1)

[ A—F21Y7]
|512+t12_1+[ k ]

T

=L ,(20)

Therefore, we can reach to:

dU(x,S)

D.t. (S. U(x,S) —U(x, 0)) + L(t;.cy) — 1. wt. I

[ A—F21Y7]
|512+t12_1+[ k ]

T

— L(sy.¢1)

=1L

(21)
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We assume the initial condition of U(x,0) = 0 and x>0, so equation (21) is rewritten as shown below.

I — P27
Pf+tf—1+IAkF]
L
I 2 I
dU(x,S D.t L(t,.c L(s,.C
( ) 1 (SU( S))— (1 2)_ (1 1)_ l J’ (22)
dx s1.wt S1.wt S1.wt
So we solve it by finding the integrating factor.
Dty Dty
the integrating factor = u = eI swES = o TsweS Y , (23)
Thus we have:
_ p291/27
I&2+QZ—1+-AkF] I
Dty ¢ L >
d S1- Wt U 5
I G )I SD"I;}t.s.x L(ty.c;)  L(sy.c1)
1 . — — )
dx s;.wt S1.wt S1.wt
(24)
We integrate both sides of (24) to get:
/ —
s12+t12-1+ %]1 7
L 2
e 5[1 \t/\}t U(x S) _ | L(ty.c2) _ L(s1.c1) _ I J ] (_ S;.wt e—s[if;t.s.x + Z) ,
s1.wt s1.wt s1.wt D.t,.S
zis a constant , _ (25)
Consequently we would have:
|I512+1512—1+[)L kF ] |
L
I 2 I ot
L(ti.c L(sq.c s1.wt Dty
U(X,S) — (1 2)_ ( 1 1)_ I J = 1 -I-Z.eSl'Wt'S'x , (26)
S1.wt S1.wt S1.wt D.ty.s

With boundary and initial condition of U(0,S) = 0 and S>0, we really have:

S1.wt
D.t;.S "’

7Z =

(27)
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Then U(x,S) in (26) can be rewritten as below:

1/277
[512 +t2-1+]2 _sz] ]
L 5 ‘
U(x.S) = L(ty.cy) B L(s1.¢q) B (sl.wt> F slzsvlts
’ s;.wt S;.wt S;.wt ‘\D.t;/|S’

! 28
_§:| 1( )

By applying inverse Laplace we conclude:

A—F2?

512+t12—1+[ T ] ]I 1 Dt 1

L= estwtTT — — |
2 | [SZ ]

For the reason of mathematical calculating complexion related to the inverse Laplace of function of
D.t1 D.tq

S. . . —L5s. . . L :
— . esiwt™ , now we substitute the expression of es1wt 8 by its equivalent series-like function (We do

52
o X"
have eX = s
_ p2ql/2
[ 512+t12_1+l F ] o Dtl S "
1 k | 4|1 slwt x
u(x’t):D.t1'|t1 Cy — S1.C1 — 5 I.L EZO:
1
—52| (30)

Due to the presence of ) inu(x, t), we have to approximate ), for some limited number of n. Therefore,
we estimate it here for n=0 to 3 for simplicity. Hence, we would have:

u(x,t) =

(D. tl.x)2
"\s.wt

_|_
N| =

A6 — 5101 — >

S
~
[

[ 2,2 A—FZ]”Z |
1 517+t 1+ T | . D.t,
| s1.wt S

G ] 61

+
N -
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Then applying inverse Laplace:

_ p21/2
(s -1+ 5]

. k D.t,
u(x, t) = E-[H-Cz —51:€1 — 2 spowt
+1 <D.t1.x>2 Diractt +1 (D.tl.x)3 Dirac(l.t (32)
7 Gorwe) irac(t) + ¢ sowt) irac(L,t)f ,

Where Dirac refers to the known function of the Dirac delta function.

Substituting again x =t, t=¢:

A—F2 1/2]
2 2 _
S (sl th 1+[ k ] D.t;
e " D.ty 2 “Isowt’

1 (D.tl.t
2 \s;.wt

3
+%.(Dltl'tt) .Dirac(l,s)] , (33)

2
) .Dirac(¢)

S1.W

Now we form the derivation of u(t, €) to variable t.

1 — F2yL/?
ou(t,e) 1 [ <512 tuiol4 [ k ] D.t D.t; \?
—=—|t1.¢; — 51.¢1 — . +< ) .t.Dirac(¢)
at D.t, 2 S wt - \s;.wt
1 /D.ty\* ,
+ o (m) .t*.Dirac(1,¢)| , (34)
As previously assumed in (14), we have aPC;::;'D) = au;?e) .wt + ¢4, so in this step we get:
1/2
2 2_1+ ).—FZ:I
aPc(wtD) _ [ 1 _ _ <51 th [ k D.ty D.t; \2 .
—owt — | D t1.Co — S1.C4 > Nt + (sl.wt) .t.Dirac(e) +
3
%. (%) .t2. Dirac(1,¢&)| |.wt + ¢, (35)
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We integrate both sides of (35) to get:

1N -
— F272
512+t12—1+[l kF ]
1 D.t;
PC(Wt'D)th . tl'CZ_Sl'Cl_ > . S .wt
.t 1
D.t;\2 _ 1 (D.t;\* , N 1
+ (—) .t.Dirac(¢).In(wt) ——.( ) .t“.Dirac(1,&).— + c;. wt
S1 2\ 59 wt
+c3, (36)

By assumption of t = wt, € = D and also the Gaussian estimation of the Dirac delta function shown
below:

1 gy d(Dirac(e 2¢ _(&)?
Dirac(e) = lim 6(¢) = e (a) ,Dirac(1,¢) = ( ( )) =— e ( ) ,
a0 lalVr de a?laNm
a—-0, (37)
Then we ultimately conclude that:
217 \|
— F2712
et -1+ ]
1 D.t,
PC(Wt,D)=Tt1. t1.C; — 8.0 — Z 1 .wt
D.t1\’ 1 _(Dy £\ 1 oy
+ ( 1) .wt. e (a) An(wt) + D4.<—1) wt.———e (a) +c.wt
S1 lalvr 51 a?|alvm
+c3, (38)
Appendix 2:

The mathematical proof of formula (7) is as follows, step by step.

From the general curvature formula, we would have:

3
|, 1+[dpc]2 " k>0 1
dwt?| dwt ’ ’ 1)
which results in:
3
LY P dpcr - 2
dwt?2 dwt ’ (2)
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d?p,
> 0, we would have:
dwt?

By the strategy of

P _ ik, (1 - [ﬂr)% , 3)

dwt? awt

Then it can be reformed as:

0.5
dZPC 2/3 \
dP
+| awt? —1 | c 4)

A

By the strategy of 3:; < 0, we finally obtain:
0.5
dZPC 2/3
dPC dwtz
— —_— -1 =0,
awt |\ k )
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