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ABSTRACT

In this paper, a new analytical method to find a near-optimal high gain controller for the non-minimum
phase affine nonlinear systems is introduced. This controller is derived based on the closed form solution of
the Hamilton-Jacobi-Bellman (HJB) equation associated with the cheap control problem. This methodology
employs an algebraic equation with parametric coefficients for the systems with scalar internal dynamics and
a differential equation for those systems with the internal dynamics of order higher than one. It is shown that
1) if the system starts from different initial conditions located in the close proximity of the origin the
regulation error of the closed-loop system with the proposed controller is less than that of the closed-loop
system with the high gain LQR, which is surely designed for the linearized system around the origin, 2). for
the initial conditions located in a region far from the origin, the proposed controller significantly outperforms
the LQR controller.
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1. INTRODUCTION

The optimal control of nonlinear systems is one of the
difficult and challenging subjects in control theory. The
main objective of the optimal control theory is to
determine a control input by minimizing or maximizing a
proper performance index such that the underlying system
keeps satisfying its physical constraints. The two main
approaches to solve the optimal control problem are the
Variational and the Dynamic Programming approach [1].

The dynamic programming approach is mainly based
on the principle of optimality leading to a significant
reduction in the time of computations if compared to the
global evaluations of all admissible possibilities of a
system. This in general is resulted in the solution of the
partial differential HIB equation [2]. Due to difficulties in
analytic solution of the HJB equation, there is rarely an
analytical ~ solution  although  several  numerical
computational approaches have been proposed in the
literature; i.e., multiple shooting techniques which solve
two-point boundary value problems [3, 4], or direct
methods [5-7]. More details of the optimal control theory
may be found in [8, 9] and [10].

Furthermore, the robust optimal control problems,
which have received more attentions in science and
engineering since last two decades, were developed in
[11-13] for linear systems and in [14] and [15] for
nonlinear systems in a linear approximation.

A robust continuous feedback control can be designed
using techniques like high-gain feedback, min-max
control, or sliding-mode control [16]. High gain feedback
control appears to have advantages of good disturbance
rejection, good tracking performance, bandwidth
increasing and easy realization of decoupling of the
input/output variables for the multivariable systems [17].

High gain feedback has gained much interest in
singular optimal control problems named cheap control
[18-24]. [25] studied the cheap control of non-minimum
phase nonlinear systems in the strict-feedback normal
form defined in [26]. They used the HIB equation to solve
the minimum energy problem for the internal dynamics of
the systems with normal strictly feedback form. The
internal dynamics in this class of systems is affine with
respect to its single input y (the system’s output) as

=T, (m)+f.(n)y

where 77 is the system’s internal states. Due to this
property they could easily use HIB equation to find the
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minimum energy “y” as the control input to stabilize the
origin of internal dynamics.

After that by exploiting the structure of these systems
an approximation of the optimal value function, which is
indeed O(¢)-near-optimal on the basis of the cheap
control HIB equation is derived.

In this paper, we propose a new method to
approximate a high gain optimal regulator for the special
class of non-minimum phase, affine nonlinear systems
whose internal dynamics are non-affine with respect to
their input “y”. In this technique, we consider a special
structure for the cheap control input “u” and then
construct an algebraic or differential equation whose
solution is used to compute the unknown part of the
controller. Note that the near-optimal regulator
approximates the optimal regulator in the order of O(g)
[27].

In this study, we focus on the aforementioned class of
SISO affine nonlinear systems of relative degree one and
will consider whole SISO nonlinear systems in the
upcoming paper.

Notice that the method proposed here can be applied
to input-output decoupled square MIMO systems.
Therefore, to design the optimal high gain state feedback
for an MIMO system, we may still apply the proposed
method through a suitable input-output pairing method,
which is beyond the main scope of the paper.

The rest of the paper is organized as follows. Section 2
presents the preliminary remarks on cheap control along
with the HJB equation for linear systems and affine
nonlinear systems with affine internal dynamics. An
analytical method to compute the solution of the HIB
equation and then a near optimal high gain controller for a
wide class of affine nonlinear systems is proposed in
Section 3. Section 4 presents some illustrative examples
and finally, Section 5 concludes the paper.

2. PRELIMINARIES

Consider the following SISO affine nonlinear system
with a relative degree of r (r <n) at the origin.

x=f(x)+g(x)u
y=h(x)

where x e R"is the state vector and y,ue®R are the

M)

input and output signals respectively.

This system can be written in normal form as [21]
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=1, The cheap control input to stabilize the nonlinear
7,=1, system (2) and minimize the cost functional (3) is
.1 v (4)
=——a s _
) =12 I
Z, :b(z,n)+a(z,n)u which is obtained by solving the following HIB equation
ﬁ:q(z,q) [12].
ov ov 1

T : e q(y,m)+Z-b(y,m)+ 2y

where z:[z1 Z, zr] :[y y y 1] and 6,17(1()’ n)+6y (y 77)+2y

n = ¢(x) such that dz(xX)g(X):O' Here 7=q(z,7) is

called internal dynamics. The inputs of the internal
dynamics are the system’s output and its derivatives. The
unforced internal dynamics is zero dynamics which is
used to define the minimum phase property as below.

Definition 1 [21]: Nonlinear System (1) with normal
form (2) is called minimum phase if the origin of the zero
dynamics f;:q(o,q) is (globally) asymptotically stable

and it is called weakly minimum phase if the origin of the
zero dynamics is stable.

Based on this definition a system is said to be non-
minimum phase if the origin of its zero dynamics is not
stable.

The goal here is to regulate the output of a non-
minimum phase system to zero while it should have at
least a certain amount of energy to stabilize its internal
dynamics. Cheap control methodology can be applied to
attain a proper solution for this regulation problem due to
the fact that there is no constraint imposed on the input
signal. It is well known that any optimal control problem
can be reduced to the Riccati (for linear systems) and HIB
differential equation (for nonlinear systems) [2].

In this section, we first briefly review the cheap
control problem, which can be viewed as a special kind of
optimal control problems, for affine nonlinear systems
with affine internal dynamics. After that in the next
section, we propose a new method to design a near
optimal regulator for the affine nonlinear systems with
non-affine internal dynamics.:

A. Nonlinear With Affine Internal

Dynamics

Consider the affine nonlinear system (1) with normal
form (2) of relative degree 1 and the following cost
functional.

1% ) (3)

Systems
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—Zf;zaZ(y,n@jz . )

In order to solve this equation, we can use an
approximate solution of V on the optimal trajectory,
y',n", given bellow

V(g; y*,n*):Vo(n*)+gvl(y*,n*)+0(gz) (®)

By substituting (6) into (5) it becomes obvious that we
need one extra equation to find the Vi (i=0,1 ...) terms. To
do so, for the systems with affine internal dynamics,
Vo(ﬂ*) is determined by employing the minimum energy

problem of internal dynamics. For the sake of simplicity,
from now on the symbol*“*” is omitted.

Now, consider the affine nonlinear system (2) with the
affine internal dynamics

7= "T,(n)+ f.(n)y (7
The HIB equation (5) for this system becomes

oV

oy

2

1 1 (oV 2

Y ‘Zgz(ay] (a(y.m)) =0

It is well-known that this problem has a solution for
each g£>0,if there exists a C1 positive semi-definite

*K%ﬂ+5gﬁdﬂﬁfmﬂy)

(8)

function V (y,n,g) such that the state feedback control

(4) globally asymptotically stabilizes the origin of system

(2) [32]. The solution of this problem when € = 0 hinges
upon the solution to the following minimum energy
problem, where the system output is treated as the control
variable: Find “y” to asymptotically stabilize the origin of
the internal dynamics (7) and to minimize the cost
functional

0

1r,2
ngijy(ﬂdt 9)

0

Now, if there exists a C1 positive definite function
Vo (77) which satisfies the HIB equation

11
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T2 o (m) -5 22 () 1 (n)a Yo _ (10)
such that

A
y =y(n)=—F, (ﬂ)ﬁ (11)

globally asymptotically stabilizes the origin of the internal
dynamics (7) then (11) is the optimal control and V, (17) is
the optimal value function. Now the control input signal

u==(y=7(n))

is the approximate cheap control input, which stabilizes
the origin of system (2).

(12)

The optimal output signal for the systems with scalar
internal dynamics (7 e R ) becomes

-2f,(n)
f1(77)

and therefore the near optimal high gain control input is

obtained as ;, - | y 1 2 ().
£ f,

(n)

y=y(n)= (13)

3. NEAR OPTIMAL HIGH GAIN CONTROLLER FOR THE
SPECIAL CLASS OF NONLINEAR SYSTEMS

Now, in this section we propose an analytical method
to solve cheap control HIB equation (5) for a class of
affine  nonlinear systems with non-affine internal
dynamics. According to this method we are looking for a
closed form optimal output signal as a function of internal
states. We should note that for this special class of
systems, it is almost impossible to obtain an analytical
solution for the minimum energy problem.

Now consider the affine nonlinear system (2) with
relative degree one and the internal dynamics of form

= q1(77)
7, =0, (77)

(14)
M2 =052 (77)

g =y (Ys77)

We are interested to find an optimal high gain control
of the form

u:?lac(y,n)(yﬂ(ﬂ))

where y(p) is a smooth function of the internal states.

(15)

Note that (15) is in fact an approximation of (4) which
should satisfy (5).

12

In order to find the near optimal control input (15) the
following assumption is crucial.

Assumption 1- There is a finite positive number m
such that the following expression gives a reasonable

approximation of ¢, _, (y, 7).

Qs (Vo1) = T () + fy () y +--+ T () Y,

where

m>1

109, (v
) )

fo(1)=0,.(0m)

Now consider the affine nonlinear system with the
normal form

,Vk>0

y=0

y=b(y.n)+a(y.n)u,
Ui :q1(77)

772=q2(77) (16)
2 =0 (77)
,=1 (77)+

where y y e‘ﬁ,neﬁ}?p,y(o):yo'”(o):%'

f(m)y++f,(n)y" . m>1

The main goal is to solve the cheap control problem
(i.e., the HIB Eg. (5)) for 7(77)through the optimal high

gain control input signal (15). Now, use the approximate
solution of V given in (6) and then write the HIB Eq. (5)
as

2[ v, (1)

5V1(y,17) 5 j
+& +0(&7) |a
on, on, ( ) 1(’7)

No(m) , Vi(y.m) j
42| 2 o2 +0(&?) |a,_
[ aﬂnfz 677n72 ( ) a ’ (rl)

N, (77)
Oty 4

w (fo(m)+ fu(m)y+-+ T ()y")

n-1

+2| +¢

(17)
+0(&?)
+2[5W+0(82)]b(y,77)

v —al(y, )[ l(y’”+o<e)j2=o

which can be easily rewritten as
Po (V,m)+ R (Y1) +°p, (y,17)+O(5°) =0 (18)

where the functional p;s are easily determined from (17).
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Now by setting ¢ to zero, (17) reduces to
V,
ﬂqmz (17)

Mql(ﬂ)+'“+26

Po(Y.77)=2
0( ) on, on,_,

+22V07W(fo(n)+ f(m)y+t fa(m)y")

77n -1

+y2—a2(y,n)(avl(aym]2=0

By substituting (6) into (4) we have

(19)

oV,

u:—ia(y,n)(ayl+0(g))

Use (20) and (15) and after
manipulations to write

(20)

some algebraic

ov, _a(ym) .
E‘ a(y.n) (y 7(’7))

Substitute (21) into (19) and obtain:

2 N, (77)

(21)

V(1)
0 (n)++2—""0q,,(n
8771 1( ) a77n—2 2( )

+266V:75'Z)(f0(q)+ f(m)y+-t o (m)y")

w2 —a?(yn)(y-7(n)) =0

(22)

Knowing that the closed-loop system through the
cheap control input (15) is indeed a singular perturbation
system represented as

ey=eb(y,m)-a(y.n)a.(v.n)(y-7r(n)),
771:q1(77)

.772 ZQ2(77)

.77.172 =02 (77)

o= To(m)+ fi(m)y+-+ f (m)y" . m>1

according to the singular perturbation’s theorem [33],
the fast dynamics, y, through a fast transient response is
laid on the following slow manifold and stayed there
forever.

y=r(n) (23)

Knowing that the HIB equation is only for optimal
trajectories, the solution (23) should satisfy (22) and its all
derivatives. By substituting (23) into both (22) and the
first derivative of (22), the equations (24) and (25) are
derived respectively.
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P 2o () 20 )|
7, on,_

1 n-2 (24)
w2 aVu(ﬂ)(

n-1

to(m)+f,(7)y (m)++f, (1)7" (1)) =0

2250 1, ()4, ()" (1)) 20 () =0

677n -1 (25)

The following equation easily follows from (25).

NV, (1)
a77n—1

_ wAU)
" () e, ()™ (1) (26)

Now, substitute (26) into (24) to obtain
oV v
2[(} o(”)ql(ﬂ)+___+ O(n)q"z(ﬂ)J
on, on, ,

@)+t () () +-+1, ()7" (1))
(f.(n)+-+mf, ()" (m))

+7%(n)=0

(27)

Dividing equation (27) by equation (43.14) and using
the following fact

Vo (1) _V,(n) or(n)
o, oy(m) on

we obtain the following differential equation.

o7 (n) orim), .
Tyl ()=

~(fo(m)+ t(m) 7 (m)+--+ T (n)7" () ) 5

+%7(n)(f1(f7)+“'+mfm (m)7™(m)

v () (28)

877n—1

For the system (16) with the scalar internal dynamics,
(n=2), the differential equation (28) is reduced to an
algebraic equation of the form

~(fo (1) + ()7 () -+ T () 7" ()
0

+%7(f7)( fu () +---mf, ()7 (n)) =

which in turn yields

2fy () + £, (n)y (n)— . (n)7* (n)
== (m=2) £, ()" (1) =0

Now, for the system (16) with n=2 and m=1 (i.e., the
affine nonlinear system in strictly feedback form) the

(29)

solution of (29) can be easily obtained as
—2f

7(n)= . E(;]) which interestingly is identically the
1\n

same as the solution obtained from minimum energy
problem given in (13).

13
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The following lemma shows that for nonlinear system
(16) the first term of the approximate cost value function
V given in (6) is indeed the amount of energy of the
optimal output signal.

Lemma 1: Consider affine nonlinear system (1) with
f(o)zo, h(o)zo and well-defined normal form (16).

The value function V, () is

1 o0
> ) 7 (m(0)dt
where n(t) is the response of the differential equation

n=0(y(n).n) with initial value 77.and y(7) is a
function satisfies (28).

Proof: Using the fact that V (&;y,n7) is the value

function of cost functional (3), it could be written as

V(&1y.m) =Yy (m)+ &V, (y.7)+O(&7)
:%I(yz (t)+ 277 (1))t

where Y, 77 are the optimal trajectories. By substituting

(30)

optimal control input (20) in (30) and using (21), we have

V(ey.n)=V, (1])+5V1(y,r])+0(52)

0w ol S o)

a(y.n)

Here by replacing the optimal trajectory y from (23),
the value function V when ¢ « 1becomes

v(s;y,n)=Vo (77)+5V1(y'77)+o(82)

©

:%I(ﬁ(f,)m(g?))dt =%jy2(n)dt+0(€)

0

Therefore, it can be easily concluded that

Notice that 77 in above is the initial value of the
internal states.

Theorem 1: Consider affine nonlinear system (1) with
normal form (16). The origin of the internal dynamics of
system (2) becomes asymptotically stable through the

output signal y=y(n) if y(n) satisfies dynamical
equation (28) and also 7(0) =0.

14

Proof: In order to prove the asymptotic stability of the
internal dynamics we choose cost value function v () as

the Lyapunov function. From the Lyapunov’s second
method for stability [26], the origin of the internal
dynamics is (locally) asymptotically stable if \/'0(,7)<o

for every nonzero 7(t) (located in a neighborhood of the
origin) and V, (m)=o0at the origin. Now, \/‘0(77) is

computed as

Knowing that y(z) satisfies (28), thus it surely
satisfies (24), (25) and finally it should satisfy equation
(22) through y =y(7). By substituting y=y(z) into
(22) it becomes

22 ).
N (1)

a77n—l

+2

Aoy (7(1).m)+7% (1) =0

and then

which is negative for all nonzero?) (located in a

neighborhood of the origin) and this in turn leads to the
(locally) asymptotic stability of the origin of the internal
dynamics and simply completes the proof.

Now to find the proportional approximate cheap
control input (24), we in fact need to compute the

functional coefficient ¢, (Y, 17) . To do so, we assume

that for the square of this functional the following power
series expansion is given

a; (y.m)=n(m)+n(m)y

et N, (ﬂ) y'-3

By substituting (31) into equation (21), it becomes

. I=max{3,m} (31)
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2[6\;07;77) (1) +6;/:7n(z) nz(ﬂ)J
b(n)
Ny (1) N
+27H(f0('7)+f1('7)y+"'+fm(ﬂ)y ) @
B(n)
_[:0..(.7?:1((:));3]x(y2—2y(n)y+72 (n))
+y?=0
Now, (32) can be simply rewritten as
S (1) +5,(m)y -+, () y" =0 (33)

where Si s are computed from the following equations.

so(m)=b(n)+B(n) fo(n)—ny () r*(n)
si()=B(n) f.(m)+ 2y ()0 (m) =y (1) 7* (1)
s,(m)=p(n) f,(n)+1

~(no () =27 (m)u(m) + 1, (m) 7% (m))
s;(n)=p5(n) t:(n)

~(n.() =27 (n)n, (n)+ 1 (1) 7" (m))

(34)

s (m)= B(n) . (n)
(M () =27 ()N () + 1 () 72 ()

o 2(1)= B (1) . (1) s ()
Su()=5(n) f.(n)

According to the fact that only the optimal
trajectoryyz;/(q) satisfies the HJB equation, by

replacing y with y(p) in (33) and its first m-1
derivatives, the coefficients S; s are easily computed from

the following equation.

m(m—l).i(.!(m—k+l) ()5,

k=1...,m

where s (n)=A(n)f, (1) -

Sk (77) = (35)

Now from (34) the coefficients of «(y,n)are
determined as
(k=) 7" (@)%
s, . ()

m!

(i -1)(m - +1)

no (=3

¥ (), (n) (36)
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Remark 1: For the system (1) with relative degree r>1,
we first reduce the system’s relative degree to one and
then employ the proposed algorithm to design the near-
optimal controller.

To do so, the following simple output redefinition is
used.

Ynew = Cy+--+ Cr—ly(riz) + y(ril) (37)

where C,...,C,_, are the coefficients of a Hurwitz
polynomial such as p(s):s”l.g.crilsr’z +---4c, . The

normal form of system (1) through this output redefinition
becomes

YHEW = bn ( ynew ' nnew ) + a‘n ( ynew ' ﬂnew ) u

7=y (Yoew: Zs77)

Z:l = Z2 (38)
L, =1,

r—

and

bn (ynew1 ﬂnew) =CZ,+-+C 7,
—Cry (Clzl +e+CyZ,
+b(z,7)

a(z,7)

q(z,7)

-1 ynew)

2 =Cy++Cr 4 Zr 1~ Ynew

( Ynew: ﬂnew)
qn ( Ynews nnew)

2=+ +C 4 Zr 1~ Ynew

2 =G+ +Cr 1 Zr 1~ Ynew

Here the internal dynamics is

77 :qn (ynewizs '77)

2,=1,
1,=1,
zr—l =—CZ = =C1Z 1t Yiew

which indeed is not in the form (14). Knowing that the

second part of the internal dynamics, Z_, is a linear

s

system and it is asymptotically stable through Y, =0,

we omitted this part of the internal dynamics however it is
appeared in the first part of internal dynamics. Therefore

15
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the near optimal high gain controller is only designed for
f] = qn (ynew’ Zs 177) )

Below we present some illustrative examples to clarify
better the merit of the proposed controller..

4. ILLUSTRATIVE EXAMPLES

Example 1- Consider the following affine nonlinear
system:

y=y*+n°+u
17=n+(10+7)y—cos(n)y?
where y is its output and 77 is its internal state. The zero

dynamics of the system is 77 =77. Obviously, the system

is non-minimum phase because the origin of its zero
dynamics is unstable. The solution of equation (29) for

this system is simply given as y(n)= ~21  and the
10+7

coefficient ¢, (y,77) equals 1. Therefore from (15), the

near optimal high gain controller (NOHGC) becomes

The closed-loop system via this controller can be
described as

. 2
gy=gy2+gn2—[y+1ojz’7j

177=n+(10+7)y—cos(n)y’
The fast dynamics of this singular perturbation system
is 07/ 7 =—§+0(s) where gy, 27 and L.
10+7 &£

Obviously, the origin of the fast dynamics is
asymptotically stable leading to the following equation.

y@)=1;T§2)+O(gL t>T(e)

Note that T(g) is a very small positive number of

order ¢ . According to the stability theorem of the singular
perturbation systems [33], the origin of the closed-loop
system is asymptotically stable provided that the origin of
its slow and fast dynamics are both asymptotically stable.
The slow dynamics of this system is

7 =—77—COS(77)( 21 JZ

10+7#

(39)

16

It can be easily shown that the origin, =0, is

asymptotically stable provided that the initial value of the
internal state satisfies 7, >-5.5; this in turn leads to the

local asymptotic stability of the origin (y =0, =0) of the

closed-loop system. Furthermore, for other initial
conditions there exist two stable equilibrium points
(., =-7.7,-138), and two unstable ones

(7,, =-5.5,—11); this will guarantee the bounded-ness of

the solution of the closed-loop system for a wide range of
initial conditions, see Figure 1.

For the sake of comparison, we design a high gain
LQR controller (HG-LQR) for the system. To do so, the
linearized system around the origin is obtained as

y=u
=10y +n
For the cost functional (3) with & <1, the optimal

state feedback controller will tend to y _ — _l(y+’7j.
£ 5

The slow dynamics of the closed-loop system is

2

77=—77—7é—005(77)(gj2

The origin of the closed-loop system through the HG-
LQR controller is asymptotically stable for the initial
conditions 7, <-4.9 while the system’s solution becomes

(40)

unbounded for the other initial conditions (there is only
one equilibrium point near the point (; = -5, y =1) which
is unstable). The simulation results are illustrated in
Figures 3, 4 and 5 for the initial conditionsy =0,7, =3,
andg=107. It seems that the regulation error norm of
NOHGC is significantly less than that of HG-LQR.

10
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Fig. 1. The behavior of the slow dynamics through NOHGC for
different initial values, X =7

Vol. 47 - No. 1 - Spring 2015



Amirkabir International Journal of Science & Research
(Modeling, Identification, Simulation & Control)

A New Near Optimal High Gain Controller For The Non-Minimum Phase
Affine Nonlinear Systems

(A1J-MISC)
o ] T A A N R [T Example 2- Consider the following affine nonlinear
T T T T system,
P
T i T y=4ny—y* +(y* +n +1)u
< 0 \ \ 771 = 772
j 772=sin(y+771+772)
6 \ - - - -
AEERIREE A \ Vo where y is its output and 7., 7, are its internal states. The
\1 \ \1 \ \ \\ ‘ zero dynamics of the system is

o 5 10 15 20 25 30 35 40
Gurser position: (7. -3.45) t

Fig. 2. The behavior of the slow dynamics through HG-LQR for
different initial values, X =77

5
NOHGC

~ HG-LQR
or H\‘ ~—— Q
J
0.5~ -
T a - -
>
>
s |
=
5 15 —‘ -
3
2l ]
_2_51] 4
3 c c c c c c c
o 0.5 1 1.5 2 2.5 3 3.5 4

time(s)

Fig. 3. Output signal for NOHGC and HG-LQR

intemal state

time(s)

Fig. 4. Internal state signal through NOHGC and HG-LQR

c c c c c c c
o 0.5 1 1.5 2 2.5 3 3.5 4

™ NOHGC
[of g HG-LQR
50 i
-100 |- E
-150 [ e

-200 -

input signal

c c c c c c c
o 0.5 1 1.5 2 2.5 3 3.5
time(s)

Fig. 5. Control input signal of NOHGC and HG-LQR
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m=nn,
17, =sin (772 + 771)
Obviously, the system is non-minimum phase because

the origin of its zero dynamics is unstable.

In order to employ the proposed method to find an
explicit function y=7(n) it is required that to show

whether the system satisfies Assumption 1, which is done
below.
The power series of sin(y+7, +7,)around y=0 can

be easily obtained as
sin(y+n,+n,)=sin(n,+n,)+cos(n,+1,)y
1. 1
—§SII’](771 +772)y2 —ECOS(Th "'772))/3 +ee

The approximation errror for m=2 (the first three
terms) and m=3 (the first four terms) are given in Figures
6 and 7, respectively. It is obvious that both expressions

give a good enough approximation of sin(y+171 +772).

More terms are obviously needed for a wider range of y
values around zero though this is out of question in our
case.

Equation (28) for this system becomes

) 2sin(n,+n,)+cos(n, +n,)r(n) ay(n)
+1/6cos(771+772)73(77)

oy (n)

on, on,

and its solution is obtained through some algebraic
manipulations as

v(m)=

1/3

1cos* (n,+7,)
1.41421
sec(n, +77, )% ~7cos* (n, +1,)cos(2n, +21,)

—6sin (7, +n,)cos’ (n,+1,)

-1/3

1cos* (1, +77,)
1.41421
—2cos(n, +17, )x ~7cos* (n, +n,)cos(2n7, +21,)

~6sin (17, +77,)cos? (17, +17,)

17
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For this system, the coefficient « (y,7) equals 1.

Now from (15), the NOHGC becomes u:—l(y_y(n)).

&
Obviously, the slow dynamics of the closed-loop system

becomes
=1, (41)
n,= Sin(m +77,+ 7(77))

The phase plane diagram of the slow dynamics (41) is
shown in Figure 8.

Now the linearized system around the origin is

y:772+u
7.71:772
n,=Yy+n+mn,

For the cost functional (4) with &=10"°, the HG-
LQR controller becomes

Upor = —1000(L.003y +2.0031,+3.247,)

The slow dynamics of the closed-loop system through
the above control input is

N =1, (42)
77, =sin (—771 - 2.24772)

Figure 9 shows the region of attraction of the origin,
n =0, due to the LQR controller.

According to the Figures 8 and 9 we cannot say that
the region of attraction of the origin through the proposed
controller is bigger than that of the HG-LQR controller;
however, some simulation results show that the regulation
error norm of NOHGC is less than that of HG-LQR.

The simulation results are illustrated in Figs 10 and 11
for the initial conditions y=0,7,=-17n,=-1,

ande=10"°.

y internal state

Fig. 6. Approximation error for m=2

18

internal state

Fig. 7. Approximation error for m=3

4 P> R e ———
/l//f:i\x_/‘/d 1
2 , =
[ === —— =
. = \\f\/x/,ﬁ
= T O
o ~F
1 s —
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. =] e pp
T D |
|
e e e
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Curser position: (-3.56, -3.08) x1

Fig. 8. Phase plane diagram of the slow dynamics given in (41)

where X, =173,
/‘N\\ij L—
* L A Y
o S — S ) Vi gl
—r - [ o
——

Fig. 9. Phase plane diagram of the slow dynamics given in (42)
where X, =177,

NOHGC
—— HG-LQR

4 ‘T B
N
N\

output signal
N
T
P
!

time(s)

Fig. 10. Figure 10: Output signal through NOHGC and HG-LQR
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