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ABSTRACT: This paper is concerned with state tracking as well as reference tracking of nonlinear
dynamic systems with process and measurement noise over the Additive White Gaussian Noise (AWGN)
channel which is subject to transmission noise and transmission power constraints. The AWGN channel
is a continuous alphabet channel. Therefore, this channel is very suitable for controlling dynamic
systems over wireless communication links. To address these problems, a novel encoder, decoder, and

controller are proposed. This method compensates for communication imperfections and maintains real-
time reference tracking at the end of the communication link. For identifying the time of linearization in
the encoder and decoder, Monte-Carlo approximation is applied. Using the Monte Carlo approximator
provides a possible approximation of the estimation error in the encoder and decoder at the same time.
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The linearization method is based on the variable (optimal) linearization rate. A proper encoder, decoder,
Teleoperation
AWGN Channel

The Extended Kalman Filter

and controller for real-time state estimation and reference tracking are proposed. The nonlinear dynamic
system which was considered in this paper has process and measurement noises. Simulation results
illustrate the satisfactory state tracking and reference tracking performances of the proposed technique;

while the variable linearization technique is used.

Monte-Carlo Approximation

1- Introduction

Networked Control Systems (NCS) have been gaining
sharp attention from the research community in recent years.
The elimination of unnecessary wiring, effective reduction
of system complexity, and wide range of applications are
some of the advantages of NCSs. Nevertheless, the design
and development of NCSs are subject to some difficulties,
such as unavoidable random packet erasure and dropout,
communication noise, distortion, etc. A simple example of
NCS is the problem of telepresence and teleoperation of
Unmanned Aerial Vehicles (UAVs). The wide applications of
miniature drones, which are in fact a specific form of UAV is
one of the main research motivations for nonlinear networked
control systems. The miniature drone is a small unmanned
aerial vehicle, which is controlled remotely by a distant
controller/operator. Fig. 1 illustrates a basic block diagram
for controlling UAVs over communication channels subject
to imperfections. The imperfect communication channel is
modeled based on the environment where NCS is deployed.
Hence, it seems that a proper channel for controlling dynamic
systems over a communication channel is the AWGN channel,
this channel is a basic model for satellite communication,
deep space communication, and particularly when the line of
sight is strong.

Reference tracking (teleoperation) and telepresence

*Corresponding author’s email: sedigh@kntu.ac.ir

are the two main goals of remotely controlled autonomous
vehicles. Reference tracking means the tracking of a desired
trajectory designed by a remote human operator/intelligent
control unit; telepresence means providing the states of a
remotely controlled vehicle for a remote human operator/
intelligent control unit in real-time so that remote human
operator/intelligent control unit can design proper desired
trajectory for the satisfactory remote reference tracking. In
the teleoperation of miniature UAVs, remote autonomous
vehicles should track reference signals generated by a distant
controller or operator based on the information received
from remote vehicles via a wireless network. Generated
control signals should be also communicated to the remote
vehicle via a wireless communication network. Because the
generated control signals can be communicated to the remote
vehicle with high transmission power, effective information
transmission can be achieved from the distant controller to
the dynamic system. However, the transmission of sensor
measurements from the UAV to the distant controller is
subject to limited transmission power; because miniature
UAVs are small and equipped with limited-capacity onboard
batteries. Hence, the communication from a UAV to a distant
controller is subject to communication imperfection as shown
in Fig. 1.

The transmission of information via the AWGN channel
is subject to transmission noise and also the antenna’s power
constraint. One of the motivations for considering the AWGN
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Fig. 1. A nonlinear noisy dynamic system controlled over the AWGN channel

channel in this paper is the availability of relatively cheap
with long communication range FM transceivers [1].

In the literature, many works addressed the problem of
controlling linear dynamic systems over communication
channels [1] - [4]. Most of these papers are concerned with
the stability and state tracking of linear dynamic systems
over the AWGN channel. For example, [4] addressed the
necessary conditions for the stabilization of noiseless
linear dynamic systems over the AWGN channel. Dynamic
systems in the real world are nonlinear; hence, in recent
years many works addressed the problem of controlling
nonlinear dynamic systems over the AWGN channel [5] -
[9]. In the aforementioned papers, a number of issues, such
as estimation, stability, and performance were addressed.
[5] - [7] studied the problem of stability and state tracking
of nonlinear systems over the AWGN communication link.
In [6] a method presented an approximate linear dynamic
system with the use of a describing function that can replace
the nonlinear time-invariant system. So, the presented method
in [6] is applicable only for invariant dynamic systems that
respond periodically to input signals. What’s more, in this
paper measurement and process noise are considered.

In [8] the stability condition for the sampled continuous-
time controlled systems is considered. [9] proposes a
transmission strategy for a communication system where a
sender sends messages over a memoryless Gaussian point-to-
point channel to a receiver and receives the output feedback
over another Gaussian channel with known variance and unit
delay. The sender sequentially transmits the message over
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multiple times till a certain error performance is achieved.
In this paper, although the linearization technique is used,
the linearization period is not accurate. In [10] the reference
tracking of nonlinear dynamic systems over the AWGN
channel using the fixed rate linearization method is addressed.

This paper aims to fill the gap in the literature by addressing
the problems of state tracking as well as reference tracking
of a quite general form of discrete-time nonlinear dynamic
systems subject to both process and measurement noises
over the discrete-time AWGN channel, with application in
the telepresence and teleoperation of autonomous vehicles.
This issue has not been studied before. In this paper, we are
concerned with the block diagram of Fig. 1 described by
nonlinear dynamic systems and the AWGN channel. Since
the encoder and decoder are separated, a new technique
is required to determine the linearization time in both at
the same time. The innovative method used in this paper
to address these problems is presenting a proper encoder,
decoder, and controller for mean square reference tracking at
the end of the communication link and stability of nonlinear
dynamic systems when measurements are sent through the
AWGN channel. The decoder for the case of the linearization
with the variable rate is the extended Kalman filter with the
optimal linearization period. To the best of our knowledge,
the extended Kalman filter with the variable linearization
period has not been presented in the literature. From a stability
perspective of switching systems, dwell time is the minimum
required time, which should be considered before switching
to the next subsystem. In this paper, the required dwell time
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is computed based on sampling time, and the linearization
time is chosen greater than the dwell time, which is the right
time for linearization. Therefore, dwell time is the lower limit
for linearization time. For the upper limit, the mean square
estimation error in the decoder is used.

In this paper, we implement a linearization method,
which is different from our previously proposed method in
[12]. The method proposed in [12] and the method proposed
in this paper are successful provided the encoder and decoder
linearize the nonlinear dynamic system at the same time. In
[12] the communication link is the packet erasure channel
and therefore the encoder after linearizing the nonlinear
dynamic system sends information bits with a different length
to inform the decoder of the right time for linearization.
However, we focus on a different communication link and
therefore the mechanism proposed in [12] is useless in the
setup considered in this paper. Also in this paper delay is
considered less than sampling time and is ignored.

The satisfactory performance of the theoretical
developments is illustrated via computer simulations by
applying the proposed encoder, decoder, and controller on
the unicycle model.

This paper is organized as follows: Section 1 was the
introduction. Section 2 presents the system model and
preliminaries. Section 3 introduces theoretical development.
Simulation results are given in Section 4 and Section 5
concludes the paper.

2- System Model and Preliminaries

Throughout certain conventions are used: E [-] denotes
the expected value, |+| the absolute value, the Euclidean
norm and V' denotes the transpose of vector/ matrix ¥ . 4™
and 4 (A) denote the inverse and eigenvalues of a square
matrix A4 , respectively. R and N denote the sets of real
numbers and natural numbers, respectively. [ is the identity
matrix and X ) denotes the ith element of the vector of
X . 0 denotes the zero vector/matrix. N * = {0,1,2,3,---}
and R" is the set of non-negative real numbers. State and
reference tracking of nonlinear dynamic systems over the
AWGN channel are addressed in this paper for the block
diagram of Fig. 1. The building blocks of Fig. 1 are described
below:

2- 1- Communication Channel
The communication channel is a parallel AWGN channel.
It is described by:

where Z, € RIN is the channel input and Z , € R’ is the
channel output. ¥, is the channel noise with zero mean
and diagonal variance W _. In addition to suffering from
transmission noise, the AWGN channel is subject to limited
transmission power Zt(i)‘ SPt(i) , Where Pt(i is the upper
limit on the antenna’s power.
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2- 2- Encoder
The encoder is a causal function
Y, 27U N>z, 27 =(2,,Z,,.Z, ,
(available for the encoder via the feedback channel) and
U™ =(UyU,,U,,)-

-1

that maps

2- 3- Decoder
The decoder is the extended Kalman filter which will be
described later.

2- 4- Controller

The controller has the following form with the proper
gain L :U, :Ll)f + 4, . M, is chosen so that the tracking
objective is met.

2-5- Plant
The nonlinear noisy dynamic system in this paper is
described as follows: [11]

{Xt+1 =FX,U)+ W, 2

Yo =GX, Up) +V,

where 1 € N* is the time instant, F (X, U,)eR" is
a nonlinear vector function, X, e R" is the system state
variables vector, ¥, e R is the observation signal vector and
U, e R™ is the control signal.

It is assumed that the initial state X, is a Gaussian-
distributed random variable with a mean X | and variance Q,
. W, e R is the process noise and J/, e R is the measurement
noise. Both noises are i.i.d. with normal distribution and zero
mean with Q and R variances, respectively. X ¥, and v,
are mutually independent. The nonlinear dynamic model in
this paper that is used for simulation is the unicycle model,
which is an abstract model for autonomous vehicles including
UAVs, described as follows: [11]

X(t) = v(t) cos(p(t))
Y(t) = v(t) sin(¢(0))
P =u(®)

A3)

Here, ¢ isthecontinuoustimeindex, [x () v(t) o f]tr
denotesthestate vector, V(t ) isthe forward velocityand u 8 )
is the orientation rate. The input is {/ (z ) = V([) u (t) " and
the output is y (r) :[x (t) » (;) ot )l . Throughott, it is
assumed that the above dynamic is subject to the process
and measurement noises: W, ~N (O,Q) and V,~N (0, R)
respectively.

3- Theoretical Development

In this section, an encoder, decoder, and controller for the
mean square state tracking as well as the reference tracking
of noisy nonlinear dynamic systems over the AWGN channel
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are presented.
The applied methodology is based on the linearization
of the nonlinear noisy dynamic system at operating points,
as follows: In the beginning, the nonlinear dynamic is
linearized at the initial state (X,,U,).(U,=0). Then the
coding scheme presented in [11] is applied to the extracted
linear model in each sampling time. For each element of the
measurement vector of the dynamic system (2), we use the
coding scheme of Section [11]. The linearized model is a good
approximation of the nonlinear dynamic (2) in the beginning;
therefore, the mean square estimation error, i.e., EX, -X 2
decreases as time progresses; because the decoder receives
more measurements from the dynamic system. But, as time
progresses, the nonlinear dynamic system should be linearized
at a new operating point so that the best approximation of
the nonlinear system is available at all times. In the proposed
method the largest possible linearization period that results in
a good approximation of the nonlinear system is chosen by
the family of the linearized systems. Therefore, the encoder
and decoder can approximate the mean square estimation
error using the Monte-Carlo and then the best linearization
rate is determined. The proposed encoder and decoder rules
are in fact the extended Kalman filter for state estimation
over the AWGN channel with the optimal linearization rate.
In [13] the stability is shown by determining the
linearization period under the dwell time 7,. T, is shown
in [14] that the average dwell time 7, , which is a measure
of the frequency of switches (here the frequency of updating
linearized system), shollld be greater than or equal to a critical
value denoted by 7z, a defined as follows. 7, 2 7 ;
1 " Inh

r, =—, 17, =———— where N, is the number of
‘N, InA-InA

switclies that occur in the time interval of [O,t ] and /1,
Aand A are defined as follows:

For all linearized models with the system matrix A4, -,
there exist 4, <1and A, >1 such that the following relations
hold [14]:

t t gt t
A[J_] < l,A[j] < hjj,l ,where 4. . >1;4 ] < hjﬂz . Then,

1= 270
h =maxh;,, AelA.1], A e[A,4]
is the largest value thatl satisfies the following inequality
for some ¢ >0:X, <c (/1) X, In order to satisfy the above
condition, it is sufficient that the linearization period T, is
much larger than the system sampling period (e.g., T, > 15T ,
where T is the sampling period).

3- 1- Encoder, decoder and controller

For the simplicity of the presentation of the encoder,
decoder, and controller, without loss of generality, suppose
that the nonlinear dynamic system is controlled over the
single input - single output discrete time AWGN channel.
Then:

3- 1- 1- Encoder Description:
The innovation generator for each linearized system has
the following description (¢, is defined shortly):
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Zt = ath, Kt = Yt - ?t, ?t = C)?t (4)

3- 1- 2- Decoder Description
_ For each linearized system, the pre-decoding part (i.c.,
K, ) is described by

Kt = YeZ; (5)

where Z, is the channel output and ¢,,y, e R" are
defined as follows:

77th Dv Dv77t
Ay = , =1—- —, = |—
t / b, Nt v Tt W, (6)

where D, <min ;. .y,.D, is a given threshold and ¥/,
will be defined shortly. The mean square state estimator, when
the linearized system is valid, has the following description:

}?t+1 = AXAt

-1
+ A, Ct" <C1T CY + DRD' + %> K. (7
t t o2 t

AVt t

Where 7, is the mean square state estimation error given
by the following Riccati equation:

— tr
Tpyq = AT AY —

2

-1
W,
Am, CtT (CﬂtC” + DRD' + —C> Cm AT (8)
ag

+BQBtT Ty = VO

Then, y, 2 CzC" +DRD" and Y, =K, +CX,. It has
been shown in [11] that using this coding

the scheme, we have real-time reliable communication up
to the distortion level D, as follows:

EY,-Y?=EK,-K/’=D,,VteN'. To achieve this
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real-time reliable communication by allocating the minimum
channel capacity (bandwidth), we should tune the antenna’s
power as follows:

We A
E[th]:a’gl/)t:mD_th=Pt 9)

3- 1- 3- Controller Description

With the assumptions that the pair (C"C, 4 ) is detectable
and the pair (A4 ,B ) is stabilizable at each linearized zone,
the stabilizing remote controller also optimizes the following
quadratic cost functional

o laT—
Jim 2573 E[IX N2 erg + V12, G > 0) 10y
Is given by

Ut = _AC)’(\t (11)

where A, =(H +B"P_B L P_A and P, is the unique
positive semi-definite solution of the following
algebraic Riccati equation:

P, = Apo, AT —

(12)
At"p B(H + Bt"P,B)"1B"P A+ Ct"C

So, for our problem, the controller is described in the
following:

Up = —LeXe + pte (13)

Where )?, = XA, —R, and for each
t e [(J -1)T,, T, _11, L =L, is chosen such that the
matrix A[/.] —B[j]L[j] is stable'and 4, is chosen such that

ue = =B ((Ary — Brjplyn) (Re — Xpj)
(14)
+B[jLij)Re — Revr + F(X¢, Up))
Where B *
[7]
3- 2- Method for variable rate linearization

In the variable linearization case, the encoder and decoder
should agree on the time of linearization. Linearizing

is the pseudo-inverse of the matrix B

L

nonlinear dynamics in each step around the current operating
point is used in this paper. Following that, in the beginning,
the nonlinear dynamic system (2) is linearized around
X, U 0)(U 0= 6). Then for each linearized step, the proposed
method in [11] 1s applied to estimate the states of the linear
system. Since in the initial moments of linearization, linear
dynamics are a good approximation of non-linear dynamics,
the mean square of the estimation error decreases with
increasing time due to receiving more measured information
from the output. Therefore, to maintain this decreasing trend
of the mean square of the estimation error, it is necessary to
continuously linearize the nonlinear dynamic. To determine
the right time for the linearization of the nonlinear dynamic
system at a new operating point, i.e., (X , U, |, we look at
the trend of EX, -X 2. In each linearized zone, the mean
square estimation error has either an increasing or decreasing
trend as time progresses depending on the value of the mean
square estimation error at the beginning of the linearization
which is the steady state value for the linearized system. For
example, if at the beginning of the linearization, the mean
square estimation error is smaller than its steady state value,
the mean square estimation error in this linearized zone has
an increasing trend. Now, when the linearized system is no
longer a good approximation for the nonlinear system, the
trend for the mean square estimation error is reversed; and
this is the right time for updating the linearized system. To
implement this coding scheme, both the encoder and decoder
should observe the trend of the mean square estimation error
to linearize the nonlinear dynamic system at the new operating
point. Note that the encoder and decoder in the proposed
method reconstruct the mean square estimation error using
the Monte Carlo approximation method by the knowledge of
AX , communicated to the encoder by the feedback channel.
This method works as follows:
1- At the sample time ¢ = 0, the encoder and decoder
choose M realization for x ~ N ( Xo:Qo) and Compute

R .
Xo=or ;Xgl, and then
2- They compute Eo:% (Xél]—)fo"'X(gM]—io) where
M b

X (El] is the ith realization of X ,, and then

3- They compute 7, = trace (DE oEd ) .

4- At the time instant ¢ =1, using the dynamic system
model (2) for the nonlinear dynamic system and M realization
obtained for X ; available from the previous time instant as
well as M realization for the process noise, the encoder, and
decoder compute M realization for X and compute X .
, and then 1 o o

5- They compute E, :W(Xl[]—)(l x| ]—Xl),

where X [l the ith realization of X |, and then

6- They compute 7, =trace (E EV ), and then this
procedure is repeated:

7- Go to the step 4 for the next time step (1 +1).

For the other time instances, 7, is reconstructed at the
encoderand decoder. By observing the increasing or decreasing
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Fig. 2. x, and r ¥ for the variable rate linearization method when 7, ), ~ N (Q,Q)

trend of trace (ﬂ't encoder and decoder determine the right
time for updating the linearized system. As soon as the trend
of trace (ﬂ,) changes, the encoder and decoder notice that
this is the right time to update the linearized model. So, in this
way, the variable (optimal) linearization rate is determined.

4- Simulation Results

In this  section, for illustration, we  set
T =0.0L,x,~N (L1),y,~N (L,1),¢,~N (L1), and apply the
proposed encoder, decoder, and controller to the autonomous
vehicle dynamic (3). The discrete-time equivalent model is
(15), where T is the sampling period.

Xer1 = X¢ + Tvi cos(¢y)
Yerr = Ye + Tve sin(gpy) (15)
Pre1 = P¢ + Tu(t)

F(Xt' Ut) =

Denoting the function (15) as F with the input vector
U, in(2), and for G (X,,U,) we have:

G(Xt, Up) = X, (16)

Note also that for this model, the state vector is
X, =[x, y, ¢] . The discrete-time equivalent dynamic (15)
is obtained by applying a control signal to the dynamic (3)
using Z.0.H and sampling its outputs using a sampler.

Subsequently, the state space representation of the family
of the discrete-time equivalent linearized systems, for the
Jth linearization have the following state space matrices:
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1 0 _TVU] sin(d)[j])
A=10 1 Tvpcos(¢p)) (17)
0 0 1

Tcos(¢r)) O
B = TSiTl((ﬁ[j]) 0 (18)
0 T

Now, for tracking a circle with the center located at (5, 3)
and aradius of 2, by the autonomous vehicle, we need to choose
the elements of the reference vector R = [ B 0Tl J” as
follows [10]:

[5 + 2cos(3Tt) 3 + 2sin(3Tt) arctan(ﬁj_zm)]
T Xt-1

Fig. 2- Fig.5 illustrates the performance of theoretical
developments and tracking. Fig.5 illustrates that using the
proposed method, tracking is achieved eventually. Also,
Fig.6 shows that using the proposed method, tracking
faster reference signals is possible. Fig.7 corresponds to the
proposed technique in [11] with the fixed rate linearization
period. Comparing the simulation result of Fig.6 with that of
Fig.7 illustrates that our proposed method has much better
performance. Comparing Fig.6 and Fig.7 clearly shows that
the method presented in [9], unlike the technique proposed in
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Fig. 4. ¢, and r*! for the variable rate linearization method when 17, ,/’, ~ N (0,0)
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Fig. 5. x -y,- time diagram for the variable rate linearization period when #,,//, ~N (0,0)
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Fig. 7. x -y - time diagram for the fixed rate linearization period when W, V, ~ N (Q,Q)

this article, loses its tracking ability when faced with a fast
reference signal.

Now to quantify the performance of the proposed method,
we define the Root Sum Square Error (RSSE)

criterion as follows:

RSSE = sz:‘iii’iim (ke = )"+ (e = 12)’ + (9 - 7Y (20)

T

Table 1 is related to Fig.5 which corresponds to slow
reference signal for different channel noises. From this table
follows that the proposed method is robust against channel
noises. Also, in this table, we can see that using the variable
rate linearization technique is more accurate and practical. In
this way, the number of linearizations could be optimal and
RSSE is less than the technique proposed in [10]. Table 2
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RSSEs are computed for different processes and measurement
noises. It is clear that the proposed technique is robust when
there are process and measurement noises.

Covariance analysis:

Covariance analysis has been used to verify the presented
method. For illustrating the performance of the proposed
method the covariance of error is computed in each iteration.
To do this, the covariance of the error at each sampling time
(t=1000) is calculated, and then the totals are collected.
Finally, we analyzed them by averaging them. The results
illustrate that the covariances are in order 10~ and off-
diagonal terms are almost zero.

0.00036 —0.0004 0.0000
cov =|-0.00045 0.0004 0.0000
0.0000 —0.0000 0.0000
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Table 1. RSSES computed for different channel noises for the case W,,V, ~ N (Q, Q) for proposed method
and method presented in [10]

RSSE in RSSE
Case proposed proposed in
method [10]
W,~N(0,0.1.15) 20.3024 21.7861
W,~N(0,13) 21.5839 24.8606
Wy~ N(0,2.13) 23.6912 25.6621

Table 2. RSSES Computed for Different process and measurement noises for

Case RSSE
W, Vi~N(0,0.1.15) 20.7421
W, Ve~N(0, I3) 21.4337
Wy, Vi~ N(0,2.13) 24.72

5- Conclusion

In this paper, a new method for state tracking as well as
reference tracking of noisy nonlinear dynamic systems over
the AWGN channel with applications in the telepresence and
teleoperation of autonomous vehicles was presented. The
proposed method was based on a linearization technique with
a variable rate. A proper encoder, decoder, and controller for
tracking the state trajectory of nonlinear dynamic systems at
the end of the communication link as well as reference tracking
over the AWGN channel were presented. The satisfactory
performances of the proposed method were illustrated by
implementing this method on the unicycle model, which is
an abstract model for representing the autonomous vehicle
dynamic. One of the major contributions of this paper is the
presentation of an extended version of the extended Kalman
filter with the variable linearization rate over the AWGN
channel.
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