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ABSTRACT

In this paper, the problem of delay dependent robust asymptotically stable for uncertain linear time-variant
system with multiple delays is investigated. A new delay-dependent stability sufficient condition is given by
using the Lyapunov method, linear matrix inequality (LMI), parameterized first-order model transformation
technique and transformation of the interval uncertainty in to the norm bounded uncertainty.

A numerical example is presented to illustrate our present stability criterion allows an upper bound which
is bigger on the size of the delay in comparison with those in the literature.
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1. INTRODUCTION

Time delay is frequently a source of instability and it is
often encountered in various areas of control systems,
such as economical systems, biology [1, 10], engineering,
neural network [12], transport phenomena and population
dynamics [3, 7].

A system is said to be stable independent of delay (delay-
independent stable) if it is stable when delay parameter
assumes all nonnegative values. The stability of a system
is delay-dependent if it is stable in some domain of delays
[9]. Delay independent or delay-dependent stability can
be easily derived by an appropriate choice of the terms
involved in the Lyapunov-Krasovskii functional. Many
criteria for checking the stability of time delay systems
have been given so far.

In this paper, the linear matrix inequality (LMI) method
with the parameterized first order model transformation
technique is employed to derive a new delay-dependent
robust asymptotically stable condition for the linear time-
variant systems with multiple delays.

2. NOTATIONS
The following standard notation will be used

throughout the paper. Let R"™™M denotes the set of all

matrix

inequality, Parameterized first-order model

for any two symmetric matrices alongwith Let

nxm
N =[njjl M :[mij]e] and Mij < mjj We
define the set matrices
[N.M]={A = [aij Inxm : Nij < smij}.

In addition Pct% (resp., PCth) denotes the space of all

uniformly  bounded piecewise continuous  (resp.,
piecewise continuous differentiable) real matrix-valued

functions defined on [ty ). The Banach space

C,(-r.0n 1 C (700"
of continuous vector functions mapping the delay interval

into 0" with uniform convergence topology, where
7 > 0 with standard supremum norm,

ll#lI=Sup 0e[~7,0] gl
for given geC o ([=7.0]) and ||.|| refers to either the
Euclidean vector norm or the induced matrix 2-norm.
3. STABILITY CRITERIA FOR TIME-VARIANT SYSTEMS
WITH MULTIPLE DELAYS

Let us consider the linear time-variant system with
multiple delays as follows,

; T ; m Q)
nxm real matrices, A' be the transpose of matr|?<, X(t) = Agt)x (t) + > Ak E)X (t-k )
r>0,and A <B (resp.,A<B ) means that the matrix k=1
B — A is positive definite (resp., positive semi-definite)
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with initial conditions of time instant ty

X () =X (tg +0) = 9(0), 0e[-7.0] 2
where x (t)=(xq(t),..Xn (t ))T is state vector at time

t inusual sense. Ak (t) € PCt%, are nxn state

matrixes such that their components are not known
precisely but satisfying A M) €[Ny )M, ©)] for
k=0.1,...m where
Ny @) :[n.‘? )1, M, () :[m.‘f t)] pc O with

ij k ij to
niljf t) < miljf t) forallt e [to,oo].The vector function

#(0) is an element of Banach space C, ([==.0] and

tk <7k <T<wo, k=0,1,...m are uncertain time-invariant
delays where 7 = max{ 7 k=01,...m }.

The time-invariant system associated with system (1) is of
the form

m ®)
x'(t):AOx(t)+ZA Xt -7k)
k=1 K

where A, €[N K M K ], for k=01,..,m .

k

Now define

By (t) =(N, ©)+M, (1)/2 :[bg],

H @) =M 1) -N, (t))/2= [hiljf] where k = 0,1,...,m.

2
and  E, () :[Elk ,...,Erl](] c0™™ such that each

k
EI‘I

k —
&j =

=1,..n isann x narray with entry
hl'J? for 1 =i and eii} =0for I =i where

2
i,j =1.n. Also define Fy () =[F . FX T 0" "

such that each F,k , I =1,..n isann x n array with entry

k
fij =

i,j=21..n.Itiseasy to verify that

hi‘f for 1 =jand eiljf =0for | = j where

4
E, (1)ET (t) = diag( % hy . hi) @
R
and
n n )
F. (t)F, (t) =diag (_zlhikl,...,_z hi) ©
i= =

Let Sy e [-1n2 ,1n2 1, k=0,...m where |nz is
n®xn? identity matrix. It is obvious that

Sk € diag(eg ek X, efin)  such that | & <1,
i,j =1,..,nand furthermore

Sk Sk =Sk 5f <In2, k=01..m.

Let N[Nk (t), Mg (1)]={Ak (t)=
Bk (t)+Ek (1)K Fy (t): Tk e [-1h2, 1521}, then we have
the following lemma, [4, 12].

Lemma 3.1. [4 For k=01..,m the

[Nk (), Mk ()I=N [Nk (1), Mk ()] always hold.
This lemma shows that the linear time-variant interval

system (1) is equivalent to the following linear system

equalities

subject to norm bounded structured uncertainties
described by the equation
X(t) = (By(t)+ Eq(t)ZoF o)X (t) + (6)
m
kzl(Bk (t)+Ek (t)Xk Fi @))x (t-zk ).

Correspondingly, associated with system (3) we have
m
X(t)=(Bg+ EOZOFO)X (t)+ kzl(Bk +Ek 2k Pk )x (t-zk ),

@)
where ¥ e [-152 152 1, k=0,...m.

Therefore, when one is looking for stability condition
which depends on delay, the standard step is to replace
the original systems (1) and (3) by the systems (6) and
(7, [6, 5, 9].

Also, the following lemmas are essential for the proof of
the main theorem, [2].

b(t) t
Lemma 3.2. [2] Let o(t) = (J) | f(s)dsd@ Then the
a(t)t-o
following is satisfied,
d . t-a
4 @0 =0 -a)f ) -(-b) [ f(s)ds
t-b
St 8
+(0-4a) [ f(s)ds
t-a

Since x (t) is continuously differentiable fort > 0, by
using the Leibnitz-Newton formula we have

x(t—7)=x(t)— [ X (t+0)d 0 =

x (t) - 1O, Ax (t+0)+Aq x (t-+0—7)d 0
which is used in reference [9] to transfer the system
X(t) =Ax(t) + Agx (t -0), 9)
into the distributed delay system,
X =(A +C)x(t)+(Ad -C)x(t-17)

[0 AX (t+0)+Ag X (t+0-7)d O, (10)
where C is a parametric matrix which derives the stability
less restrictive to some degree. Since in this process only
one integration over one delay interval is used, the
process is called parameterized first-order model
transformation.

The stability of (10) implies the stability of the system (9)
for all z€[0,7], see [9] and references therein.

By applying the above model transformation to the system
(6), we have
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m
X(t)=[By(t) +Ey()Xo Fo(t)+k§10k x(®)+
m
kZ_l[Bk (+Ek ©)Zk Fk 1)-Ck Kt —7, ) -

m t

Y Cx | [(Bo(O)+Ep()ZpFo(Ox (&) +  (11)
k=l t—g

m

kz—l(Bk (O)+Ek (O)Zk FL(O)X (0~ Tk )d o

The stability of this system implies the stability of the
system (6). Therefore we focus on stability of the last one.

Theorem 3.3. The interval system (6) is robust
asymptotically stable for any r; €[0,7 ] i=l..m with

A ) €[N, )M, )] k=01..m, if there exist

positive constant scalars 4 i

T T

P=P >0 R; =R; >0, Qij :Q}E >0, and constant

matrix W; el PN for i, j =1,..m such that

Q

17PBO(’[)+B (t)P + AF (t)F )+

ki_lwkwvlf +by Sk ()Fk 7k Sk o) *

5 Z*W|Q Wz Lijsij ) +
_1J =1 Ij
m

>y !

t WEJ(/l)E (/1)N di+
—lj—laljl-lj

m
x (*[(PBu (t)AN,)R‘ (PBj (1)-Wi)' +
i=1

%PEi(t)Ei (t)P]+ W, QW )+
1a|of f Wi Eg W] d/1+%PE0(t)P<O

fori,j _1 .m where

|0(t)—B (t)QloBo(t)+a|0 0 (t)F ) (12)
Sijt) = Bj (t+7 )Qij B j t+7j )+aij Fj t+7j)Fj t+7j)
(13)
(14)
bg, by, by are any positive constant,d is any real constant
and the corresponding model transformation matrices in

(11) isgivenby C; =P W, .

Proof. Consider the Lyapunov-Krasovskii functional
defined as follows

S, (1) =R + 4 F (+7)F, (t+7))

%j positive definite matrices

V (x @)=x" )Px (t )+_n£1bi Itt—fi X ()i (0)x (0)d o+
i=

g fi jt mxT (0)S; 0(8)x (0)d 0 + (15)
AL t T

22 Ll fax @i OxT @das,
1=1j=

where bj fj Ljj fori,j =1,..,m arearbitrary constant

coefficients.

The time-derivative of this functional along with the
positive half trajectories of the systems (11), can be
expressed as follows:

VO OPBO()+8g (P + > Wi W Dx(1)+
i=
2xT (t)PEQ(t)SgFo(t)x (t)+

m T
23 x' (t)(PBj (t)-Wij)x (t-zj )+
i=1

mo7
Z_le O(PE] X Fi )X (t-7j) -
i=

Mme T
2_2 It_,i X' (EWiBo(A)x (A)dA-

2 Z ‘[I xT tWiEg(W)ZoFo(A)X (A)d A -

22 zjt X" (EWiBj (A)x (A—7})d A
—11—1

i=lj=

(t)(,ZlbiSi (t)x () - (16)
i=

m
_Zlbi xT (t—2i )Si (t—7j )x (t—7j ) -
i=

zlf.f,x ©)8; gx (1) - zf £ - X (A)Sio(A)x (A)dA -
i=

Z Z |-|J_[t T (E)Sij (A)x (A)d A +
i=lj=1

m m

21 Y 7 L”X (©)Sij ©)x (t).

= J—

Using the following inequalities for any positive real
number £>0 and any positive definite matrixD ,

2uTvealy sﬁuT Dk +ﬂ']vT Dv,
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—22 ZIt

ZZ

Z Z “u'—uft —rj¥

where uyeR™, [8, 11]. We have

m
2% xT ()(PBj (t)Wj)x (t-7j) <
=

"£ b XT (1)(PB; (- Wi )RL(PB; (- Wi )T x (1) +

(17

5 bix" (- )R (t -7, ).
i=1

m
2_2le (t)PEj ()% Fi ()X (t-zj ) <
i=

m

2 75T PE OF] P+ (18)
i=

T abixT a)F OF -7
i=1l

m
22 Itt—r xT

(tWiBo(A)x (A)d 4 <
i=1

AT ewiQyw T x () +

m
2% gt (19)
i=1

m T
Zﬁlt X" (4)Bg (2)Qi0Bo(A)x (A)d 2

-2 Z It xT EWiEg(A)XgFo(A)x (A)d A <

m

IITIX (tWiEg()E] (AW x ()d A+ (20)

=1 ofo

z aiofi [ . T (WF) (Fp(A)x (A)d .

23 B

T ew;
i=lj=1

Bj()x(A-rj)di<

_Z s %zixT (t)QiJTM/iTx(t)Jr
i =1 j =1 Lij

Zl le-uft - X' (- TJ)B (A)QjjBj (A)x (A-rj)d A
=]
(21)

xT (WEj (DT Fj(Ax(A-7;)dA<
i=lj=1 ]

Tawie s e owT
i=1]j 10‘Ij|—uIt Il (t)N'EJ(’q‘)Ej (AW; x(t)d A+

> T (4 )FJ-T (AFj (x (-7} )d 4.

(22)

Substituting (17-22) into (16), we get,

V@) <x

QX (), where

T T
Q) =PB,(t)+ By (1) + 45y ©)Fy(t)+
o T
Z Wk-ANk +by Sk (t)fk 7k Sk O(t) +

5 Z—W,Q WL si ) +
_1J =1 Ij

Z Z
i =1 j =1 %] LIJ

It _ Wj EJ(/l)E (A)N dA+
_zl(EKPBi ©)-Wi)R (PR )W) +
=

%PEi ©E; (t)P]+%-WiQi_(:)|WiT )

1a|of jt _WiEQ(AES (AW d 4+
=

1
% PEO(t)EO(t)P.
Since 0 <0, it is easy to show that 'V (x (t)) < 0 if

x (t)=0 and 'V (x (t))=0, if and only if x(t) = 0. Therefore
by Lyapunov-Krasovskii stability theorem, the origin of
the system (11) is robust asymptotically stable for

A, ®) €N, .M, O] k =01.,mand 7 €[0,7],

consequently the origin of the system (6) is robust
asymptotically stable which completes the proof.

In the above theorem, if we letm =1Lw =W 1,
o =7Qq
Sl = ?Qll, R = Rl’ ag=ayg. o =104 then the

following result is immediate.
Corollary 3.4. System (1) with m = 1 is robust

asymptotically stable for any A ) €[N} ©).M ©)]
k = 0,1 if there exist constant scalers 4 >0, > 0,

T=1p,

symmetric and positive definite matrices P = pr

Ri = RiT >0, Si :S;r >0 fori =0,1and constant matrix

>0,

xN

w e 0™ such that

Qll = PBO(t)+Bg )P +W +WT +b1R +
(g +T1a0)Fy (t)F t) +

by +LygaFy
LBy C+7)S Bl(t +7)+1,8] 1)SBoM)+

_ = So T
2w oL
L11

(t+r)F(t+r)+

+%PE1(t)EI ()P +

38

Amirkabir / MISC / Vol . 41/ No.1/ Spring 2009 0



1 T 1 -1 T
%PEO(t)EO P +E(PBl(t)—W )R T(PBy(1)-W) +
7AW (f g EQ(DE] (A)+
Litor E (DE] (W T d <0,

The corresponding model transformation matrix is given
by C = P .

4, EXAMPLE

Consider the same interval system as given in [12],
X(t) = Ao(t)x(t) +A DX -7),
where Agt) = Ay + & sin2 tlhy, Ajt) = Ay + & coszt-l 2

g are

, such that AO,A are known 2 x 2 matrices, £94

1
uncertain but bounded as | ¢ [< 1| & [<1.

It is easy to see that, Ak(t) e [N .M (O], k=0,1
where

.2 .2
No(t):AO-sm t-I2 Mo(t):A0+sm t-l2

2 2
Nl(t):Al-cos tl Ml(t):Al+cos tel

2 2

Hence, by assuming Bot)=Aqg. By(t) =4y,
.2 2
Ho(t) =sin"t-1,, Hi(t) = cos t-I2,and

EoOE] (1) = Fy@F) (t) =sin”t.

2
T T 2
E (t)E; (1) =F®)F (t)=cos tI,
We have
Q. =PA,+AFP+W +W ' +b R
11 =Pt W AW AR

.2 2
(Ag+f1ag)sin“t 1o+ (b121+L11a1)COS tl,+
T T _ -1y -1 e -1y, T
LiAp SqAy +T,AGSghg +7W (S 'Ly + S 7w T +

2 2

iPsin t-I2P+iP cos“t:1oP+
20 A

1 -1 T
E(PA1 “W)RTT(PA -W )+
A (Lsin2 a0yt cos? 4w T
f1a0 L11a
Also if we assume
b=b1,f=f1,L=L11,2a=ao=a1,2},=/10 :j'l’ then we
have

+AT P +W +WT +bR + (24 + 2f a)l2+

Q1 =PAg+A

T T
(2b/’t+2La)I2+ LA1 SlA1+fAOS Ap+

0°°0

W (3171L71 +S(;1f 71)NT + %PZ +
2011
W T
Forexamplelet b =1/6 ,f =L =1/2 and assume
AO{_Z 0 } /\1{_0'5 0 }
0 -19 01 -05
Then one feasible solution for associated linear matrix

inequality (LMI) is
p =diag (172.2344, 159.9684)

1 -1 T
o (PAL-W)RTI(PA -W)' +

R = diag (37.0500, 0.1602)

Sp=diag (8.8125, 8.8647) S1=diag (34.9834, 30.8433)

W =diag (-83.7071,-79.8313) 1 =114.6665, « = 56.8986
Therefore, by substituting into the right hand side of
inequality , Q1 we get

-187.027570+2052.04199272 7.014642528

<
11 7.014642528 -100.822578+1907.101854 72

Q < 0.

Therefore r<0.301897627 and r < 0.229928049.
Consequently the system is robust asymptotically stable
for ze [0, 0.229928049] which is a larger domain

for delay with respect to example 1 of reference [12].

5. CONCLUSION

In this paper, we have investigated the robust
asymptotical stability issue of linear interval time variant
systems with uncertain delays. A new delay dependent
stability condition is derived by using the Lyapunov
method, (LMI), parameterized first-order model
transformation technique and introducing ingeniously real
constants. Based on a present criterion, a new upper
bound on the size of delays is presented. A numerical
example is also provided to demonstrate the effectiveness
of the new result.
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