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ABSTRACT

A numerical trajectory optimization study of two types of lifting-entry reentry vehicle has been presented
at low suborbital speed of 4.113 km/s and -15 degree entry angle. These orbital speeds are typical of
medium range ballistic missile with ballistic range of approximately 2000 km at optimum burnout angle of
approximately 41 degree for maximum ballistic range. A lifting reentry greatly enhances the reentry range
which leads to a higher overall range of approximately 3000 km for the same AV. The optimum reentry
angle of lifting reentry vehicle for medium range missiles under constrained g-load lies between -15 to -20
degree for limited g-load trajectories. These entry angles result in high decent rates and the vehicle quickly
approaches the heat rate boundary. The heat rate problem is more severe for small size vehicle because of
small nose-radius. Limiting the heat rate restricts the trajectory and lowers the downrange/cross-range
performance of the reentry vehicle. A wing-body reentry vehicle has a larger nose radius as compared to a
waverider which results in comparatively low heat rates during flight. This type of a vehicle has lower lift-
to-drag ratio and therefore lesser range in comparison to a waverider type design. The performance of the
two vehicle types is studied at various heat rate limits with the objective to calculate the optimum control
deflections that would maximize the cross range. The results provide performance of the two designs vis-a-
vis maximum heat rate constraint at the stagnation point along with the required control history. General
pseudo-spectral optimal control software, GPOPS has been used for the optimal trajectory studies.
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1. INTRODUCTION variable trajectories in combination with a skipping
maneuver after reentry makes the choice of lifting reentry
more attractive.

An integrated wave-rider has a lift-to-drag ratio close
to 4 at Mach 4.0 [1] . Philips[2] has given a detailed
overview of CAV-H and CAV-L concepts of Boeing
wave rider designs and has also provided aerodynamic
data which indicates a lift-to-drag ratio of greater than 3.0
at hypersonic mach number range for a typical high
performance CAV design. This high aerodynamic
performance is not without any limitation. The NASA

The performance of a lifting entry vehicle is linked to
the lift-to-drag ratio of the vehicle. In addition lifting
reentry can also be used to attain the impact at the desired
terminal flight path angle and speed. The higher cross
range capability also give the end user a choice to select
the missile trajectory and attack a target from different
azimuth angles. High lift-to-drag ratio vehicles also
perform a skipping maneuver within the atmosphere
which makes interception by a chasing missile more
demanding. The choice of terminal flight conditions,
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Ames and Sandia’s Slender Aerodynamic Research Probe
(SHARP L1) has a nose leading edge radius of the order
of 3 millimeters[3] and therefore experiences very high
heating rates during the reentry phase. The waverider
technology is still undergoing test and trial in the form of
X-41[4] vehicle by DARPA.

A wing-body vehicle has a lift-to-drag ratio close to
2.0. Whitmore[3] in his analysis has compared the data of
shuttle, X-20 Dynasoar, X-34 and the X-15. The details
of the MaRRV aerodynamic data are given by Parish-II
[5] while Bornemann [6] and Surber [7] have presented
the trim aerodynamic data of Shuttle Orbiter. The wing-
body design is a compromise that allows for a spacecraft
to perform a lifting reentry while still managing the
extreme heat of reentry. In hypersonic flow blunt bodies
tend to produce a strong detached normal shockwave at
the nose. The detached shockwave causes a significant
portion of the kinetic energy from a high-speed flow to be
swept away by the cross-flow, so the majority of the
energy never reaches the surface of the body.
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Figure 1: Trajectory comparison of a ballistic and
lifting-body vehicle at burnout velocity of 4.113 km/s
and different burnout angles.

The reentry studies performed in the past on wing-
body configuration have focused mainly on manned
reentry vehicles [8], Orbital Space Planes and reentry
orbital transfer Vehicles [9, 10]. The waverider
configuration type wvehicles have been studied for
Maneuvering Reentry Vehicles (MaRV) [5] for
Intercontinental Ballistic Missiles application. These
entire ranges of vehicles reenter the earth’s atmosphere at
low entry angles and at higher entry speeds. The optimum
reentry angle of lifting reentry vehicle for medium range
missiles lies between -15 to -20 degree for constrained g-
load trajectories[11]. In Comparison with a ballistic
trajectory, representative trajectories at entry speed of
4.113 km/s are shown in Fig. 1. It can be seen that
ballistic plus reentry range of approximately 3000 km can
be obtained for entry angle of -20 degree with a wing-
body reentry vehicle and a total AV of 4.113 km/s which
is 50% more than that of a pure ballistic trajectory.

Typically sharp entry angles result in high decent rates
and the vehicle quickly approaches the heat rate
boundary. The heat rate problem is more severe for small
size vehicle because of small nose-radius. Limiting the
heat rate restricts the trajectory and lowers the
downrange/cross-range performance of the reentry
vehicle. In addition, the normal g-load required to
perform the first skip is higher for sharper entry angles.
Reducing burnout angle to less than 15 degree results in
sharp decline, in over all range of the medium range
ballistic missile [11].

The present study is aimed at computing waverider
performance at reentry speed of 4.113 km/s which is
typical of a medium range ballistic missile with ballistic
range of approximately 2000 km. The results are
compared with those of a wing-body configuration under
varying heat rate constraint. The vehicle mass is assumed
to be 1000 kg with 500 kg of payload mass. The wing-
loading for both vehicles is assumed to be 400 kg/m?
which is consistent with that of fighter aircrafts as well as
MaRRV data considered in reference [9]. The vehicle
data for the two types of vehicle under consideration and
the physical constants are summarized in Table 1.

TaBLE 1

VEHICLE DATA AND PHYSICAL CONSTANTS

Quantity Numerical
Values

Mass, kg 1000
WIS, kg/m? 400
Rn, m (lifting body) 0.075
Rn, m (waverider) 0.003
fe, M 6378 x 10°
Po kg/m?® 1.225
M, m®/s? 3.986 x 10%
B, m 7200

The study provides unconstraint (maximum) as well as
near minimum heat load trajectory (minimum
performance) for the waverider design. The latter results
are compared with the wing-body trajectory
corresponding to the same initial conditions. The results
are critical for conceptual design studies in the later
phase. The suitability of the configuration would depend
upon the mass fraction of the TPS in a later design study.
The trade-off studies are not part of the current paper.

2. PHYSICAL MODEL

A. Earth and Atmosphere

The earth has been assumed to be a perfect, non-
rotating sphere. The acceleration due to gravity is given
by Newton’s inverse square law. The density variation
with altitude is assumed to be exponential and given by
the relation:
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where p, is the sea level density.

B. Aerodynamic Model

“The following set of equations represents the
aerodynamic model of a wing-body vehicle. The trim
aerodynamic data using references [5, 7, 8] has been used
to obtain the following equations.

C, =-0.034+0.93« (2)

Cp =0.037-0.1 +0.736a? +0.937a° ®)

The aerodynamic model for the waverider
configuration was obtained using the experimental data of
the Crockrell [1]. The lift curve slope has been adjusted
to that of a flat plate at hypersonic speeds obtained using
Newtonian flow theory [12]. This is done since the data
provided in reference [1] is only valid till Mach 4.5. The
equations for a waverider configuration are:

C, =-0.04+0.8 (4)
Cp =0.012—-0.1c + 0.6 (®)
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Figure 2: Lift-to-drag ratio variations with angle-of-
attack for a wing-body configuration.
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Figure 3: Lift-to-drag ratio variations with angle-of-
attack for a waverider configuration.

C. Equations of Motion

The following set of equations of motion is used for a
three- degree- of- freedom (DOF) point mass model. The
equations have been extensively used in the study of
reentry vehicle and their guidance systems [9, 10, 13].

dr . (6)
E:Vsmy

d® Vcosysiny (M
dt  rcosg

d® V cosycosy (8)
dt r

dv : 9)
E_—D—gsmy

d_;/: Lcosa—w(g—ﬁ) (10
dt \Y r

dy 1 Lsina+vzcos;/sim//tan¢ 11
dt V| cosy r

where, r is the radial distance from the center of the earth
to the reentry vehicle. ® and ¢ are the longitude and
latitude, respectively. V is the total velocity of the
vehicle. y and v are the flight path angle and the azimuth
angle, respectively. The terms L and D are defined as L=
CLpV?S/ (2mass) and D= CDpV?3S/ (2mass). Thrust has
been assumed to be zero during the entire flight. CL and
CD are assumed to be only function of angle of attack.
This is true in hypersonic region in which the
aerodynamic coefficients do not vary with Mach number.

D. Stagnation Point Heat Rate

The stagnation point heating rate is modeled by using
equation given by Scot et. al [14]. The convective heat
transfer rate is given by:

Q@,;(L] a2)
JRu 10*

The equation is valid for a flow in chemical equilibrium.
For non-catalytic hot walls (NCHW) the heat transfer rate
is much lower because the molecules do not recombine at
the skin surface. Zoby et al.[15] have computed the ratio
of fully catalytic hot wall (FCHW) heat transfer rate to
that of the non-catalytic hot wall (NCHW) heat transfer
rate and have found that it is a function of the nose radius,
Rn. For a nose radius of 0.075 m, the ratio of NCHW heat
transfer rate to that of FCHW is approximately 50 percent
to [16]. The heat transfer equation becomes:

. 118,300 pos( v T'OS (13)
2" /Ry 10*

The total heat load at the stagnation point is calculated

using the relationship:
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E. Normal Acceleration

For a winged body the normal acceleration is of
greater importance as compared to the total deceleration
load. The normal acceleration is computed using the
relation given in equation (14).

Lcosa + Dsina (15)
ST
where
(16)
9=%
r
F. Controls

The vehicle has angle-of-attack and bank-angle
control. The vehicles are assumed to have angle-of-attack
trim capability up from -10 - 50 degree angle of attack
and a bank angle control of + 90 degree. The angle-of-
attack control modulates the lift as well as the heat rate.
The bank angle results in lateral force which causes the
sideward motion of the spacecraft.

3. BOUNDARY CONDITIONS AND CONSTRAINTS

A. Initial Conditions

The optimum Reentry velocities for maximum range of
a ballistic missile are computed corresponding to a
missile range of 2000 km using the relations given by He
Linshu [17]. The optimum velocity for maximum range at
the end of powered phase is given by the relationships:
17)

R R
V. (f)=11.19. [tan(—B-F_) tan(45° — —B-F.
alf) \/ (G228 418

where, Rgr. is the ballistic flight range. It may be noted
that the total range of the ballistic missile is given by the
sum of powered flight, ballistic flight and the reentry
range as:
R=Ra+Rgr. +Rc (18)
The optimum reentry angle for the maximum
downrange/ cross-range has already been shown to lie in
the range of 15-20 degree for a lifting reentry vehicle. It is
because of this reason that the comparative performance
between a waverider configuration and a lifting-body is
performed at a reentry angle of 15 degree; this implies
Vo =V (i) =V 70 = 75 (i) = —0 = ~150eg (19)
Va is calculated using Eq. (17) and the values are
tabulated in Table 2. The Following set of initial
conditions are used for the rest of the state variables:

r(i) = 6458 x10°m; 4(i) = 0;4(i) = O;y (i) = 0 (20)

B. Terminal Conditions

For a maximum penetration of a conventional
warhead, it is desirable that the warhead may be able to

strike the target at maximum possible velocity and at a
high impact angle close to 90 degree. For bi-conic reentry
shapes the impact velocity is close to 700-1000 m/sec.
Use of lifting reentry vehicles gives the military planners
to strike a particular target at the desired angle and speed.
Too high an impact speed improves the performance of
the warhead alone but raises the maximum dynamic
pressure limit of the reentry body. This implies a higher
structural limit as well as a higher empty weight. For the
current study, the maximum terminal speed is considered
to be 720 m/s at an impact angle of 80 degree. The
requirement has been modeled as a terminal constraint.

V(f)=720m/s;y(f)=-80deg (21)

C. Dynamic Pressure Constraint

A dynamic pressure limit corresponds to the maximum
stagnation pressure which the vehicle structure can bear in
the presence of high acceleration loads. The terminal
constraints imply that the vehicle would sustain a dynamic
pressure of approximately 320 KPa close to impact. The
dynamic pressure constraint of 320 KPa has been
imposed as a path constraint during the entire flight. The
dynamic pressure constraint is kept equivalent to that of
experienced by the vehicle in terminal phase.

22
q :%pv2< 320,000 Pa (22)

D. Heat Rate Constraint

The waverider performance is evaluated at an
equivalent higher heat rates because of a smaller nose
radius. The heat rate constraint as that of a wing-body, for
a waverider configuration is computed using Eq. (13).
The heat rate constraint used for wing-body analysis and
that for a waverider configuration is tabulated in Table 2.

Foom @

QequR) = QLB — = =0X QWB
VRN wR)

The heat rate constraint is directly linked with the
surface temperature if the surface is assumed to be in
radiative equilibrium with the surroundings.

Q = O (Tg4 _Tw4) (24)
If Tg << Tw, we will have:
L (25)

TW:[ Q JA
O 1y

where o is the Stefan-Boltzmann constant which is equal
t0 5.67 X108 W/(m2.K*), and € is the surface emissivity
which is generally close to 0.8.

TABLE 2
INITIAL CONDITIONS AND HEAT RATE CONSTRAINTS
Va O Q we) Qeq WR)
(km/s) (deg)
(MW/m2) (MW/m?)
4113 -15 0,1.5,1.0 0, 7.5,5.0

32

Amirkabir / MISC / Vol . 44 / No.2 / Fall 2012 /}



Using Eg. (25), the heat rate limit of 1.0 and 1.5
MW/m? for wing-body configuration correspond to the
stagnation point temperature limits of approximately
2170°K and 2400°K, respectively. Heat rate limits of 5
&7.5 MW/m? for waverider configuration correspond to
surface temperature limits of 3240°K and 3600°K,
respectively.

The carbon-carbon composite material can retain its
properties till temperature of 2800°C or 3073°K[18]. The
temperature corresponds to a heat rate limit of
approximately 4.0 MW/m?,

4., OBJECTIVE FUNCTIONS

The objective is to find the angle-of-attack and bank
angle control deflections that would maximize the cross-
range of the reentry vehicle. Maximizing cross range is
similar to maximizing the latitude at final time t; once the
reentry takes place along the equatorial line. The problem
is a Mayers problem and can be expressed as:

J = min(-xg(t;)) (26)

5. METHOD USED

The optimal control reentry problem is solved using
GPOPS [19] version 4.0. GPOPS uses the Radau
Pseudospectral Method (RPM) for solving optimal
control problem. The RPM is an orthogonal collocation
method where the collocation points are the Legendre-
Gauss-Radau points. It is a Gaussian quadrature implicit
integration scheme. It has been demonstrated to converge
exponentially fast for problems whose solutions are
smooth.

6. RESULTS

Optimal trajectories were obtained for corresponding
to entry speed of 4.113 km/s and entry angle of -15
degree subject to dynamic pressure constraint of 320,000
Pa and all heat load constraints listed in Table 2 except
heat load constraint of 5MW/m? for waverider
configuration. The numerical results are tabulated in
Table 3. It can be seen from the results that the waverider
configuration has more than twice the cross-range as
compared to that of a wing-body design. The cross-range
performance decreases with reducing heat rate limit. The
wing-body vehicle also shows a reasonable performance
but at an order of magnitude less than to the total heat
load and 5 times less than the heat rate limit.
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Figure 4: Altitude versus velocity plot for wing-body
configuration with reentry velocity of 4.113 km/s and
reentry angle of -15 degree.
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Figure 5: Altitude versus velocity plot for waverider
configuration with reentry velocity of 4.113 km/s and
reentry angle of -15 degree.

The trajectory shape for different heat rate constraints
is presented in Figs. 4 & 5 for wing-body and waverider
configurations, respectively. The figures clearly indicate
that none of the flight path constraints is violated. The
terminal constraints of velocity and flight path angle are
also met. The heat rate and the dynamic pressure
variations are given in Figs. 6 & 7. Reducing the heat rate
limit drastically reduces the heat rate peak as well as the
total flight time. Reduction in both these quantities results
in lower integrated heat load.

Fig. 4 and Fig. 7 further indicate that for wing-body
configuration heat rate constraint of 1 MW/m? is met for
the wing-body vehicle approximately at an altitude of 45
km and speed of 3.8 km/s in the first 30 seconds of flight.
The angle-of-attack control during the initial entry phase
is used to modulate the lift as well as the heat rate. Fig. 8
shows that for a wing-body configuration the angle-of-
attack saturates to a maximum of 50 degree at a reduced
bank angle of -30 degree to ensure that the heat rate
boundary of 1 MW/m? is not violated. This also results in
a high drag which in turn results in both loss of energy
and reduction range. Reducing the heat bound further
does not result in a viable solution because of non-
availability of additional control power. For a heat rate

n Amirkabir / MISC / Vol . 44 | No.2 / Fall 2012

33



boundary of 1.5 MW/m? the angle-of-attack goes to a
maximum of 35 degree. The energy loss to drag force is
comparatively less and this results in a higher range as
compared to a 1.0 MW/m? boundary. For an unconstraint
heat load boundary the cross-range performance is
maximized but the heat rate peaks to more than 3.0
MW/m? and the total heat load increases to 0.21 x 10°
Jim?,

increased by increasing the angle-of-attack and further
energy cannot be dissipated in the form of heat. The lift
force is also not sufficient enough to initiate the first skip
at a higher altitude and ensuring a lower heat limit. It can
be further observed that for a near minimum heat rate
bound of 7.5 MW/m? for a waverider configuration, the
total heat load is approximately 2.0 x 10° J/m? which is 10
times more than the integrated heat load for a wing-body
configuration unbounded heat rate trajectory. The

4
S TP S R R e gjffww/mz integrated heat loads as well as the maximum normal
s, ------ WB: Q=1.0 MW/m? loads for all optimal paths are tabulated in table 3. For
= § £ waverider configuration with no heat rate constraint the

¥ .
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Figure 7: Heat rate and dynamic pressure variation
with time for waverider configuration at reentry
speed of 4.113 km/s and -15 deg reentry angle.

For a waverider configuration, Fig 9 indicates that the
angle-of-attack control saturates to a maximum of 50
degree ensuring compliance with a heat rate limit of 7.5
MW/m?2. Reducing the heat rate bound does not result in a
viable solution because the drag force cannot be further

minimum energy loss and maximum range. For waverider
configuration the speed bleeds slowly due to of a lower
drag which results in a higher range. At higher heat rate
limits both vehicle execute a skipping type of trajectory.
The constraint trajectories show diminishing skipping
behavior with lowering a heat rate constraint and the
trajectory comes closer to an equilibrium glide condition
for a minimum value of heat rate constraint.

TABLE 3
NUMERICAL RESULTS FOR WING-BODY AND WAVERIDER CONFIGURATIONS
Geometry Va Oa Q T Rdown Rcross Nzmax Qtotal

km/s de s km km GJ/m?

(km/s) | (deg) (MWIm?) () (km) (km) (9) ( )
WB 4,113 15 00 624.8 795.5 799.8 13.6 0.209
15 575.1 752.0 665.6 9.2 0.178
1.0 517.4 668.8 543.9 8.9 0.142
WR 4113 15 00 1241.2 1179.7 1948.3 12.2 2.436
7.5 1126.5 1077.3 1590.0 8.9 2.001
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wing-body configuration at reentry speed of 4.113
km/s and -15 degree reentry angle.

It can also be observed from Figs. 6, 7, 10 and 11 that
the peak dynamic pressure, heat load as well as the
normal acceleration are encountered at almost the same
instant. The vehicle is also close to maximum bank angle
at this instant. All these conditions together make the
instant a critical design point in the whole trajectory.
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Figure 10: Flight parameters variation with time for
wing-body configuration at reentry speed of 4.113
km/s and reentry angle of -15 degree.
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Figure 11: Flight parameters variation with time for
waveride configuration at reentry speed of 4.113 km/s
and reentry angle of -15 degree.

During the terminal phase both type of vehicles trim to
negative angle-of-attack to dive down and meet the
terminal angle and flight path constraint. Negative g-load
from -3 to -5 g is experienced by the vehicle during this
phase.

7. CONCLUSION

A trajectory analysis for a waverider and a wing-body
configuration has been presented for entry condition of
4.113 km/s and reentry angle of -15 degree under
unconstraint and constraint heat rate limits. The angle-of-
attack and bank angle behavior time histories have been
thoroughly discussed and related with flight paths as well
as the constraints for both the lifting-body the waverider
configuration. The waverider configuration has a higher
performance as compared to a wing-body configuration.
However, the waverider configuration can only perform at
heat limit of 7.5 MW/m? and higher. The near minimum
heat rate limit of 7.5 MW/m? is much higher than the
upper limit of 4.0 MW/m? for carbon-carbon composite
material. The wing-body design is the only possible
option at =4 km/s reentry speed and -15 degree entry
angle with the material limit.
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