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ABSTRACT

In this research, static stresses analysis of boron nitride nano - tube reinforced composite (BNNTRC) cylinder 
made of poly - vinylidene fluoride (PVDF) subjected to non - axisymmetric thermo - mechanical loads and applied 
voltage is developed. The surrounded elastic medium is modelled by Pasternak foundation. Composite structure 
is modeled based on piezoelectric fiber reinforced composite (PFRC) theory and a representative volume element 
has been considered for predicting the elastic, piezoelectric and dielectric properties of the cylinder. Higher order 
governing equations were solved analytically by Fourier series. The results demonstrated that the fatigue life of 
BNNTRC cylinder will be significantly dependent on the angle orientation and volume fraction of BNNTs. Results 
of this investigation can be used for the optimum design of thick - walled cylinders under the multi - physical fields.
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1- INTRODUCTION

BNNTs have the same atomic structure as carbon 
nanotubes (CNTs) but there exist many interesting 
properties including a more stable electronic property 
and better resistance to oxidation at high temperatures. 
BNNTs potential applications consist of different 
mechanically - reinforced materials such as polymer, 
ceramic, and metal composites, and key parts of nano - 
electro - mechanical smart systems.

In this decade, analytical thermo - mechanical stress 
calculations for thick - walled cylinder have been 
investigated. Dai et al. [1] presented electro - magneto - 
thermo - elastic behavior of a hollow cylinder composed 
of functionally graded piezoelectric material (FGPM), 
placed in a uniform magnetic field, subjected to electric, 
thermal and mechanical loads. They showed that 
applying suitable electric, thermal and mechanical loads 
could optimize the FGPM hollow cylindrical structures. 
In this regard, Poultangari et al. [2] studied an analytical 
method to obtain the solution for the two - dimensional 
steady state thermal and mechanical stresses in a 
hollow thick sphere made of functionally graded 
material (FGM). Their results indicated that the radial, 
tangential, and shear stress distributions can be reduced 
in magnitude when the power law index assumes the 
smaller values. Electro - thermo - elastic stress analysis 
of piezoelectric polymeric thick - walled cylinder, 
reinforced by BNNTs subjected to electro - thermo - 
mechanical fields, is presented by Ghorbanpour Arani et 
al. [3] who showed that increasing DWBNNTs content 
reduces the stresses associated with mechanical, thermal 
and electrical fields, in descending order. Similarly, 
Ghorbanpour Arani et al. [4] studied thermal stress 
analysis of a thick - walled cylinder reinforced with FG 
single - walled carbon nanotubes (SWCNTs). The higher 
order governing equation was solved in order to obtain 
the distribution of displacement and thermal stresses 
in radial, circumferential and longitudinal directions. 
FG distributions of SWCNTs have significant effect 
on displacements and thermal stresses of composite 
cylinder, so that in incrementally increasing layout, the 
radial and circumferential stresses are lower than the 
other FG structures. 

Recently, Jafari Fesharaki et al. [5] developed the 

general theoretical analysis of a FG piezoelectric hollow 
cylinder subjected to the two - dimensional electro - 
mechanical load. They used separation of variables 
method and complex Fourier series, to derive and solve 
the Navier equations in terms of displacements. Their 
study revealed, using this method and considering the 
special boundary conditions and material properties 
for a hollow cylinder, the mechanical and electrical 
displacements and stresses can be controlled and 
optimized. The analytical solution of FG piezoelectric 
hollow cylinder, which is under the radial electric 
potential and non - axisymmetric thermo - mechanical 
loads, are presented by Atrian et al. [6] who used  
complex Fourier series to indicate the distributions of 
stresses, displacement and the effect of electric potential 
field on the cylinder behavior.

However, to date, no report has been found in the 
literature on the stress analysis of composite cylinder 
reinforced by BNNTs under non - axisymmetric thermo 
- mechanical loads. Motivated by these considerations, 
the need for the investigation of a BNNTs fiber is applied 
as reinforcement in composite cylinder where PVDF 
has been selected for matrix as piezoelectric material. 
Composite cylinder is subjected to non - axisymmetric 
thermo - mechanical loads and applied voltage. Higher 
order governing equations are derived analytically and 
effects of non - axisymmetric pressure, volume fraction 
and orientation angle of BNNTs on the stresses are 
investigated. Results of this research could be used for 
the optimum design of composite cylinder under non - 
axisymmetric thermo - mechanical loadings.

2- GOVERNING EQUATIONS

A. Heat solution

Fig. 1, ” illustrates a thick-walled cylinder subject to 
the temperature distribution T(r, θ) which is reinforced 
by BNNT fiber in radial direction. Temperature 
distribution has been applied in a hollow cylinder under 
a non-axisymmetric heat conduction caused by non-
axisymmetric thermal boundary conditions. This is like 
to having a cylinder exposed to a given heat flux on a part 
of its outer boundary while on the other part a specified 
temperature is applied. The general distribution of 
temperature (T(r, θ)) in hollow cylinder with inside and 
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outside radii a and b, respectively, can be written as [7]:
where A0 and B0  are  the arbitrary constants and the 

functions F0(r)  and Gn(r) can be determined for different 
boundary conditions. The first term at the right - hand 
side of Eq. (1), A0, produces a uniform axial stress 
for a thick cylinder in the plane strain condition. The 
second term causes such stresses being as a function 
of the radius and the terms under the summation signs 
produce non - axisymmetric thermal stresses. All terms 
automatically satisfy Michell condition and they don’t 
contribute to the thermal stresses, except for the terms 
associated with n = 0 and n = 1. Therefore, Eq. (1) can 
be simplified to:

.sin)(cos)()(),( 110 θθθ rGrFrFrT ++=   (2)

where the functions F0(r), F1(r) and G1(r) are 
determined by boundary conditions. Using stress 
boundary condition in inner and outer radius, non - 
axisymmetric temperature distribution can be expressed 
as follows:
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Figure 1: The schematic of composite cylinder under non 
- axisymmetric temperature and pressure distribution and 

applied voltage.

In axisymmetric heat conduction, ,)/ln()( ad TarTrT +=
 )( bad TTT −= introduces the symmetric temperature 

distribution in which Ta and Tb are the inside and outside 
temperatures of the cylinder, respectively. Therefore, the 
general solution for heat conduction can be expressed 
as [7]:
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«Figs. 2 - a and 2 - b, » show the distribution of 
temperature in radial and circumferential directions 
where the temperature distribution is the combination 
of axisymmetric and non - axisymmetric temperature 
terms. «Fig. 2 - b,» depicts temperature distribution 
in particular angle where the curves have logarithmic 
distribution based on Eq. (4).
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Figure 2:  Non - axisymmetric temperature distribution.

B. Stress analysis

Composite cylinder reinforced by BNNTs under 
non - axisymmetric loadings embedded in an elastic 
medium has been demonstrated in “Fig.1”. The strain 
- displacement relations in cylindrical coordinate can be 
written as [5]:
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where u and v are the components of displacement in 
radial and circumferential, respectively. 

c. Micro - electro - mechanical model

To model the smart composite structures, a 
micromechanical model known as ‘‘XY PEFRC’’ 
or ‘‘YX PEFRC’’, using an approach adopted by Tan 
and Tong [8, 9], is employed. Based on this modeling, 
the reinforced BNNTs are considered as longitudinal 
straight fibers placed in PVDF matrix. In a general case, 
to evaluate the effective properties of a PFRC unit cell 
in all directions, first , the properties of the required 
strip is obtained in which an appropriate ‘X model’ 
in association with the ‘Y model’ (or vice versa), i.e., 
‘XY (or YX) rectangle model’ has been employed. 
In this modeling, both matrix and reinforcements are  
assumed to be smart and the polarization has been made 
along the fiber direction. According to the XY PEFRC 
micromechanical method, the constitutive equations 
for the electro - thermo - mechanical behavior of the 
selected RVE are expressed as [10]:
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where o', ε, D and Eare stress, strain, electric 
displacement and electric field vectors, respectively and 
[ ]e  and [ ]∈  are matrices of piezoelectric and dielectric  
parameters respectively. 

Eq. (6) can be expanded as follows:
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Assuming the plane strain condition and unidirectional 
electric field along the radius of composite cylinder, Eq. 
(7) is reduced to [10]:
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where matrix [ ]Q is defined as [10]:
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Electric field in the radial direction of cylindrical 
coordinate for piezoelectric materials is [5]:
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where ϕ denotes the scalar function of the electric potential. 
To consider the effects of orientation angle of the 

BNNTs with respect to the longitudinal axis, the 
following transformation matrix can be employed as 
[10]:
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The transformation matrix [T] is:
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where α is the angle of BNNTs with respect to the 
longitudinal axis of composite cylinder. 

D. Equilibrium equations

The equilibrium equations in the radial and circumferential 
directions, regarding the body forces are [5]:
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Thick - walled cylinder surrounded by elastic medium 
that is simulated with Pasternak foundation where the 
effect of the elastic medium has been considered as body 
force on the outer surface of cylinder as below [10]:
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Substituting Eqs. (14) into Eq. (13) and by using 
Eqs. (5) and (8), the final equilibrium equations, in 
terms of displacements and electrical potential, can be 
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determined as follows:
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where the constants d1 to d20 are given in the appendix A.

3- SOLVING METHOD

Eqs. (15 - a) to (15 - c) are governing the equations for a 
thick - walled composite cylinder under electro - mechanical 
fields. In general solution of Eqs.15, the radial, circumferential 
displacements and electric potential are presumed according 
to the complex Fourier series form [11]: 
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where )(run and )(rvn are the coefficients of complex 
Fourier series of ),( θru and ),( θrv , respectively, that can 
be expressed as:
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and electric potential just depends on the radius of 
composite cylinder. Therefore, Eq. (16 - c) is valid only for 

0=n and it will be omitted for 0≠n [6]. 
For 0≠n , substituting Eq. (16) into Eq. (15) gives:
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The solutions of the above equations are assumed as 
[11]:
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where Aand Bare constants and obtained from the 
boundary conditions. Substituting Eq.(19) into Eqs.(18), 
yields:
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To obtain the nontrivial solution of Eq. (20), the 
determinant of the system should be equal to zero [5]. 
So four roots, 1nη  to 4nη  , are achieved and the general 
solutions are:
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For n=0, the equilibrium Eqs. (15) are reduced to:
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where the subscript zero indicates the solution for 
n=0. Two equations (23 - a) and (23 - c) are a coupled 
ordinary differential equations and the solution of these 
are considered as [11]:
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Substituting Eq. (24 - a) into Eqs. (23 - a) and (23 - c) 
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yields:

.0))1(())1((
,0))1(())1((

0019001800170016

0080070302001

=+−++−
=+−+++−

AddCdd
CddAddd

ηηηηηη
ηηηηηη

16 17 18 19  (24 - b)

To obtain the nontrivial solution of Eq. (24 - b), the 
determinant of the system should be equal to zero. So 
the four roots, η01to η04 , are achieved and the general 
solutions are:
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For n = 0 Eq. (23 - b) is a decoupled ordinary 
differential equation and the solution of this equation is 
considered as:
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Finally substituting Eqs. (24 - a), (25 - a) and (26 - a) 
into Eq. (16), general solutions for ),( θru , ),( θrv and )(rφ

are expressed as:
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Substituting Eqs. (27 - a) - (27 - c) into Eq. (5), the 
strains are obtained as:
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Substituting Eqs. (28 - a) - (28 - c) into Eq. (8) and 
using Eqs. (9) and (27 - c), the stress components and 
the electrical displacement in the radial direction are 
calculated in Appendix B.

For 0≠n , equilibrium equations require four boundary 
conditions to satisfy. Expanding the given boundary 
conditions in complex Fourier series gives the following 
equation: 

,6,...,1,)()( == ∑
∞

−∞=
jenGg

n

in
jj

θθ in

∑
∞

−∞=
=

n

in
n eruru ,)(),( θθ

                               (29 - a)
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Constants Anj are calculated using Eqs. (28) and (29).

4- NUMERICAL RESULTS AND DISCUSSION 

Consider a thick - walled cylinder with inner radius a=1m  
and outer radius b=1.2m [11]. The cylinder is embedded 
in a Pasternak foundation with Gp=2.071273 N/m 
 [12]. In this study, the PVDF and BNNT have been taken 
into account for smart matrix and fiber of the composite 
cylinder, respectively. In the part of axisymmetric of 
temperature distribution, the temperature at the inner 
and outer surfaces have been assumed to be Ta=350K  
and Tb=300K, respectively. The thermal expansion 
coefficients of the composite cylinder in r, z and θ 
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directions can be written as [13]:
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where αz
BNNT and αr

BNNT are thermal expansion coefficients 
of BNNTs in longitudinal and radial directions, respectively, 
and αm is the thermal expansion  coefficient of PVDF and 
assumed to be αm =7.1×10 -5 (K) [14]. However, αz

BNNT and 
αr

BNNT are not expected to vary significantly for the temperature 
range of 200K<T<400K considered in this work. Hence, their 
average values are taken at 300K.Therefore, they are assumed 
to be αz

BNNT =1.2 ×10-6/ K and αr
BNNT =0.6 ×10 -6/K 

 [12]. υr
BNNT  and υm are Poisson’s ratios of BNNTs and 

matrix and are taken as υz
BNNT = 0.34  and υm

BNNT = 0.39 [12]. 
As mentioned in the previous sections, in order to 

achieve the total stresses, the thermal and mechanical 
stresses are calculated separately and finally 
superposed. The complete solution for stresses, due 
to the temperature distribution (Eq. (4)), is obtained 
through the superposition of the axisymmetric and 
non - axisymmetric stresses. Hence, these stresses are 
calculated as [7]:
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Therefore, the thermal stresses in radial and 
circumferential directions are shown in «Figs. 3 and 4,» and 
thermal shear stress is depicted in «Fig. 5,» based on Eqs. 
31. These figures confirm the harmonic pattern presented in 
the above equations.
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Figure 3: Radial thermal stress in composite cylinder under non 
- axisymmetric loadings.
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Figure 5:  Shear thermal stress in composite cylinder under non 
- axisymmetric loading.

In order to examine the proposed solution, the effect 
of two - dimensional thermo - mechanical behavior of 
piezoelectric composite cylinder is considered. The 
inside and outside cylinder and the boundary conditions 
are expressed as [6]:
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«Figs. 6 - 8,»  demonstrate the distribution of radial, 
circumferential and shear total stresses. It is evident that all 
components of stresses and electric displacement follow from a 
harmonic pattern. Likewise, it can be seen from “Fig. 8,” that 
the shear total stress is zero at the inner and outer surfaces 
due to the assumed boundary conditions.
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Figure 6: Radial total stress in composite cylinder under electro - 
thermo - mechanical loadings.
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Figure 8:  Shear total stress in composite cylinder under electro - 
thermo - mechanical loadings.

Effective stress as Von - Mises stress has been illustrated in 
«Fig. 9, » .As expected; the effective stress follows from a 
harmonic pattern.
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Figure 9: The effective stress in composite cylinder under electro 
- thermo - mechanical loadings.

“Fig. 10,”  shows electric displacement distribution along 
the radius and circumferential directions. It is also noted 
that the patterns of “Figs. 6 - 10,” are consistent with 
reference [5].
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Figure 10: Radial electric displacement in composite hollow 
cylinder.

According to general boundary conditions (Eq. 32), 
the inside and outside boundary conditions have been 
simplified to study the effect of volume fraction, elastic 
medium and Lorentz force on Von - Mises stress in 
composite cylinder, as follows:
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 (33)

Thermal stresses for θ=π are added to mechanical 
stresses.

“Fig. 11, ” shows the effect of volume fraction on Von 
- Mises stress in composite cylinder. It can be seen from 
this figure that increasing volume content of BNNTs 
causes to decrease Von - Mises stress and leads to increase 
the strength of composite cylinder. Von - Mises stress is 
also reduced when the aspect ratio increases.
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Designers could meet their purposes by selecting the 
suitable percent of fiber in composite cylinder.
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Figure 11:  The effect of volume fraction of BNNTs on effective 
stress in composite cylinder.

The effect of elastic medium on effective stress in 
composite cylinder is investigated in “Fig. 12,” where the 
presence of elastic medium has been considered as a factor 
for increasing the stability of composite cylinder. Here, the 
Pasternak foundation has been selected due to considering 
the shear force. As can be seen, increasing Pasternak modulus 
decreases the effective stress.
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Figure 12:  The effect of elastic medium on effective stress in 
composite cylinder.

“Fig. 13, ” illustrates the effect of orientation angle of 
BNNTs on effective stress in the composite cylinder. The 
orientation angle of fiber in composite is very important because 
it can be affected the mechanical behavior of composite. This 
composite has been reinforced by BNNTs that can be aligned 
in different direction. Since the purpose is stress analyzing, the 
angle is the best at which stress is reduced and subsequently 
displacement slake. It can be concluded that due to the 
significant radial piezoelectricity effect of BNNT, the 

strength of composite cylinder is reduced with decreasing 
angle of BNNTs with respect to the longitudinal axis.

Figure 13: The effect of orientation angle of BNNTs on radial 
displacement in composite cylinder.

5- CONCLUSIONS

Analytical solution , for two - dimensional static 
stresses for BNNTRC cylinder , was developed under 
multi - physical fields, where BNNTs are arranged in 
a longitiudinal direction inside of PVDF matrix. The 
composite cylinder is embedded in an elastic medium 
as Pasternak foundation which is considering the shear 
effect. Higher order governing equations were solved 
analytically by Fourier series and the results illustrate the 
distribution of thermo - mechanical stresses. 3D figures 
show a harmonic pattern in stress distribution in sipte 
of  non - axisymmetric thermo - mechanical loads that 
feature the behavior of composite cylinder in different r 
and θ.It can be observed that using BNNTs as a fiber and 
its orientation angle with respect to the composite cylinder 
axis have significant effects on the mechanical behavior 
of the BNNTRC cylinder. Similarly , it has been found 
that the magnitude of the effective stress was strongly 
dependent on the volume fraction of BNNT so that 
increasing the volume content of BNNTs significantly 
leads to increase the strength of composite cylinder. 
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